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rvj , Abstract. We give a natural filtration T on QH*{G/B), which respects the 

quantum product structure. Its associated graded algebra Gr-'^{QH*{G/B)) 
r^ ' is isomorphic to the tensor product of QH* (G/P) and a corresponding graded 

algebra of QH*{P/B) after localization. When the quantum parameter goes 
to zero, this specializes to the filtration on H* (G/B) from the Leray spectral 
sequence associated to the fibration P/B — )■ G/B — >■ G/P. 
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1. Introduction 



C^ . Let G be a simply-connected complex simple Lie group, S be a Borel subgroup 

and P D i? be a parabolic subgroup of G. The natural fibration P/B^G/B — >G/P 
of homogeneous varieties gives rise to a Z^-filtration T on H*(G/B) over Q (or C) 
such that Gr^{H*{G/B)) ^ H*{P/ B)®H*{G/ P) as graded algebras by the Lcray- 
^ . Serre spectral sequence. Given another parabolic subgroup P' with B C P' C P, 

(y^ ' we obtain the corresponding natural fibration P' /B — )► P/B — > P/P'. Combining 

OO . it with the former one, we obtain a Z^-filtration on H*{G/B). We can continue 

>0 ' this procedure to obtain a (maximal) Z''+^-filtration. 

In the present paper, we study the small quantum cohomology rings QH*{G/Pys 

t^^ ' of homogeneous varieties G/P's, which are deformations of the ring structures 

on iJ*(G/P)'s by incorporating genus zero 3-pointed Gromov-Witten invariants 
of G/P's into the cup product. We show the ^^functorial relationships" between 
QH*{G/B) and QH*{G/P) in the sense that the Z^'+i -filtration on H*{G/B) can 
be generalized to give a Z''+^-filtration on QH*{G/B) and there exist canonical 
maps between quantum cohomologies, in analog with the classical ones. We begin 

$H ' with a toy example to illustrate our results. 

C^ ■ 

Example 1.1. When G = SL{3,C), G/B = {Vi ^ V2 ^ C^ \ dime K: = 1, 
i = 1,2} =: P^3 is a complete flag variety. Given a maximal parabolic subgroup 
P D B, we have P/B = P^ and G/P = P^ together with a natural fibration 

P^ M> P£3 — y P^. The quantum cohomology ring QH*[G / B) has a basis con- 
sisting of Schubert classes a^ 's over Q[qi,q2], indexed by the Weyl group W ~ 
S3 = {1, si, S2, S1S2, S2S1, S1S2S1}. To obtain the Zi^ -filtration J- on QH*{G / B), we 
need a deformation gr of the classical grading map which satisfies gr{qiq\a'^) = 
0-9'>'{Qi) + ^9^{l2) + gfi<^^)- In this example, gr is given explicitly by Tablel^ 

This determines a 7? -filtration T = {PcJcgz^ on QH*(G / B). The main point 
is this filtration respects the quantum multiplication, i.e. PcPd C Pc+d- Indeed, 
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Table 1. gr{qlq\a"') = {i,j) with -2<i<4,0<j<6 
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, cr^'i *cr-'i-'^ ^^si.2si^ 


^.n^^.2Sl^^^^S2^ 




, cr'*2 ^cr-'^-'i ^^.iS2.si^ 


^.2^^.i.2^^2a^S 




, cr'*i'*2 ^(j'*i'*2 = g20"'^'*S 


a-"' ^0-^1^2.1 ^q^^.lS2 


+ 9192, 


, cr'*2.i ^o-'*2.i ^ qicr-'i'*^ 


^.2 ^^.1.2.1^^2^.2.1 


+ 9192, 


cr*i.2 ^crS2.i :=q^q2, 


^.1.2.1 i,a''"'''^qiq2 


a'^i^cr"^ 



i/iis can be easily checked with the following well-known quantum products for Fi^ : 

+ 91 
a'-'i^a'^-^a""'^ +q2 
^«i^2 ^^.1.2.1 ^^^g^a-'^ 

^.2.1^ ^.1.2.1 ^g^g^CT^l 

This Z? -filtration of the algebra structure on QH*(G / B) is a c^- deformation of 
the classical one on H* {G / B) , which comes from the Leray spectral sequence. Due 
to the existence of such a filtration, we can easily check that there are algebra 
isomorphisms ^ : QH*{G/B)/X — > QH*{P/B) and i) : QH*{G/P) — > A/ J, 
where A := Ui>o^(o.j) *■* '^ subalgebra of QH*{G/B), J := i^(o,-i) '■s o,''^ ideal 
of A and I is the ideal in QH*[G / B) spanned by those qlq^cr"^ 's with their grad- 
ings {di,d2) satisfying d2 > 0. Here (p sends q'lq^c'"' + X to y^ where qiq^a"^ 
is the (unique) one among such expressions with its grading equal to (j, 0), and 
-0 sends x^ to the (unique) q'lq^cr"' £ QH*{G / B) whose grading equals (0,j), 
in which we have taken the well-known isomorphisms QH*{P/B) ^ Q[j/] and 
QH*{G / P) ^ Q[a;]- In particular, QH*{G / P) is the quotient of the subalgebra 
A generated by {q20'^^ , (t^^ , 9i925 92} by the ideal J = 92^- (We remark that in this 
case QH*{G/B) itself is generated by {a'^^,a'^^,qi,q2}-) 

These algebra isomorphisms generalize the classical ones in an obvious way, 
namely A, J and I are (\- deformations of A := i:* {H* {G / P)) , J = and I = 
Q{cr^2 ^ cr^i.2 ^ cr«2.i ^ ^s^s2s^ | respectively. 

All the above descriptions for G = 527(3, C) will be generalized to arbitrary 
complex semi-simple Lie groups. For simplicity, we assume P/B is irreducible. 
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(Note that any homogeneous variety sphts into a direct product of irreducible ones.) 
Ah the results can be easily generalized for reducible P/S's and we will describe 
such generalizations in section [5] Note that P/B is again a complete flag variety, 
isomorphic to G' / B' for some other complex simple Lie group G' . Then we denote 
by r the rank of G", which depends only on P/B. Since we exclude the trivial cases, 
namely P equals B or G, we always have r = 1 for G = SL{3, C). 

In general, we consider a special iterated fibration {Pj-i/Pq — ^ Pj/Po — > 
Pjl Pj-iYi=2 '^^ which Pj's arc parabolic subgroups with B = Pq <Z Pi <Z ■ ■ ■ <Z 
P,. = P C. G = Pr+i- Consequently, we obtain a canonical Z''+^-filtration on 
H*{G/B). Note that QH*{G/B) also has a natural basis of Schubert classes cr""s 
over Q[q] . As we will see in section E?^ there exists a grading map gr giving gradings 
gr{qx(j'^) € 17^^ for the (Q-)basis q\a'^\. The Peterson- Woodward comparison 
formula in |32| (Proposition l2.1| ) plays a key role in defining gr. It is the only known 
formula that characterizes the relations of genus zero 3-pointed Gromov-Wittcn in- 
variants between GjB and a general GjP explicitly, gr defines a Z'"+^-filtration 
T = {Pa}aGZ'-+i of subspaccs in QH*{G/B), generalizing Example ll.il The next 
theorem says that T respects the quantum product structure. 

Theorem 1.2. QH*{G/B) is a Z^'^^ -filtered algebra with filtration T. 

We can obtain several important consequences as below. 

Theorem 1.3. The vector subspace X, spanned by those q\a^ 's with their gradings 
(di,--- ,dr+i) satisfying dr+i > 0, is an ideal of QH*[G / B). Furthermore, there 
is a canonical algebra isomorphism 

QH*{G/B)II ^ QH*{P/B). 

Since QH*{G/B) has a Z''+^-filtration T, we obtain an associated Z''+^-graded 
algebra Gr^{QH*{G/B)) = 0^gz.+i Gr^ , where Gr^ := Fa/ Ub<a ^b- For each 
J, we denote Grf^^ iQH*{G/B)) := 0,^^ ^^ • 

Theorem 1.4. For each 1 < j < r, there exists a canonical algebra isomorphism, 

*, : QH*(P,/P,_i) ^ Gr(^^iQH*iG/B)). 

Furthermore if P/B = Fir+i, then there exists a canonical algebra isomorphism, 

vI/,+1 : QH*{G/P) ^ Gr(,^i^iQH*iG/B)). 

As a consequence, we have the following results for any G. 

Theorem 1.5. Suppose P/B ^ F(,r+i- Then there exists a subalgebra A of 
QH*(G/ B) together with an ideal J of A, such that QH*[G/ P) is canonically 
isomorphic to A/ J as algebras. 

Theorem 1.6. Suppose P/B ^ Flr+i. Then as graded algebras Gr^{QH*{G/B)) 

is isomorphic to QH*{F^) • ■ • ® QH*(f"') (g) QH*{G/P) after localization. 

We should point out that the requirement ''P/B = F£r+i" in Theorem 11.51 and 
Theorem 11.61 is not a strong assumption, because both of theorems can be easily 
generalized to the case "P/P is isomorphic to a product of P£fc's" (see section[S]). As 
a consequence, all G/P's for G being of A-type or G2-type satisfy this assumption. 
Furthermore for each remaining type, more than half of the homogeneous varieties 
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G/P^s also satisfy this. (We could also show Theorem 11.51 holds for any G/P with 
G = Sp{2n,C).) 

As we saw in Example ll.li the gradings of elements in QH*{Fi-i) only form 
a proper sub-semigroup S oi 1? , which looks like stairs, so that the Z^-filtration 
comes from an S'-filtration. In general, the Z'+^-filtration comes from a similar 
filtration. For this reason, we need localization to obtain the analog of graded- 
algebra isomorphism (in Theorem II. 6|) . In section |4l we will restate theorems II. 4| 
11.51 and 11.61 more concretely. As we will see later, all the relevant maps generalize 
the classical ones in an obvious way, as in Example 11.11 

Our results relate the quantum cohomologies of the total space and the base 
space of the fibration P/ B — s> G/ B — > G/P. Similar structures occur when 
one studies the relationships of J-functions between an abelian quotient and a 
nonabelian quotient. Such relations were studied by Bertram, Ciocan-Fontanine 
and Kim in [3] and [3]. (See also [33].) There were also relevant studies by Liu-Liu- 
Yau [23] and Paksoy [27] by using mirror principle [22 . 

Let us mention two more important problems on the study of QH*{G/ P), for 
which our theorems may also be helpful. One can see the excellent survey [9] 
and references therein for more details on the developments. As mentioned before, 
the (small) quantum cohomology ring QH*{G/P) has a basis of Schubert classes 
(T™'s over (^[q]. In order to understand QH*{G/P), one would like to have (i) a 
(good) presentation of the ring structure on QH* (G/P) and (ii) a (nice) formula (or 
algorithm) for the quantum Schubert structure constants N^'^^^s in the quantum 
product cr" •cr^ = J2w \p ^'u:^'' q\p^'^ ■ For classical cohomology H*{G/P), these 
natural and important problems have been solved in [5] for (i) and in [17j and [7] 
for (ii). However, for quantum cohomology QH*{G/P), the answer to (i) is only 
known in certain cases, for instance when G is of A- type (see [15], [1]) or P = B 
is a Borel subgroup [16]. For problem (ii), there were early studies for a few cases, 
including complex Grassmannians (see the survey [9]) and complete flag varieties 
of A- type [8], besides the quantum Chevalley formula [11] which works for all cases. 
Recently, Mihalcea ^^ has given an algorithm and the authors ([10], [H]) have 
given a combinatorial formula for these structure constants. 

All these problems were discussed in the unpublished work ^8] by Dale Peter- 
son. In |32| , Woodward proves a comparison formula of Peterson. The Peterson- 
Woodward comparison formula explicitly characterizes the relations of the quan- 
tum Schubert structure constants between QH*{G/P) and QH*{G/B). However, 
it does not tell us the relations of the algebra structures between them. Along 
Peterson's approach. Lam and Shimozono |18| show that the torus-equivariant 
extension of QH*{G/P) is isomorphic to a quotient of the torus-equivariant ho- 
mology of a based loop group after localization. In [291, K. Rietsch discusses the 
relationships between Peterson's work and mirror symmetry. In [28], Peterson 
had also claimed there was an analogous isomorphism for the (un-iterated) fibra- 
tion P/B — > G/B — ;■ G/P in terms of torus-equivariant homology of based loop 
groups after localization. We were motivated by his claim and the results by Wood- 
ward and Lam-Shimozono. We succeeded in obtaining natural generalizations of 
the classical isomorphisms. It is interesting to compare our results with Peterson's 
claim. It is also interesting to compare our Theorem 11.51 with Theorem 10.16 of 
[18j by Lam and Shimozono. As commented by Thomas Lam, our results should 
be related to the discussions in section 10.4 of |T8l. 
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We hope our results could be used to solve problem (i) by combining with Kim's 
early work I16| , where a nice presentation of the ring structure on the complexified 
quantum cohomology QH*{G/B) was given. 

This paper is organized as follows. In section 2, we define a grading map and 
prove our main result, Theorem 11.21 assuming the Key Lemma. Then we devote 
the whole section 3 to the proof of the Key Lemma. In section 4, we prove the 
remaining theorems discussed as above. In section 5, we show how to generalize 
our results to the general case when P/B is reducible. Finally in section 6, we give 
an appendix which deals with exceptional cases in the proof of the Key Lemma. Our 
proofs are combinatorial in nature. We hope to find nice geometrical explanations 
of them later. 

Acknowledgements. The authors thank Baohua Fu, Bumsig Kim, Thomas Lam, 
Augustin-Liviu Mare and Leonardo Constantin Mihalcea for useful discussions. We 
also thank the referee for valuable suggestions. 

2. A FILTRATION ON QH*{G/B) 

2.1. Preliminaries. We recall some basic notions and fix the notations. See for 
example [12], [13] for more details on Lie theory. 

Let G be a simply-connected complex simple Lie group of rank n, i? C G be 
a Borel subgroup and P D i? be a proper parabolic subgroup of G. Then P 
corresponds canonically to a proper subset Ap of A. (In particular, B corre- 
sponds to the empty subset 0.) Fix a basis of simple roots A = {ai,--- ,a„} 
(with respect to {G,B)). Let f) denote the corresponding Cartan subalgebra, 
then t)* = ©"^iCa-i. Let {a^,--- ,a^} C i) be the fundamental coroots and 
{Xir ■ ■ ,Xn} C f)* be the fundamental weights. For any 1 < i,j < n, we have 
(Xi,aJ) = 5ij with respect to the natural pairing (•,-):[}*x[}— >C. Furthermore, 
we have p :— \^^^ji+ 1 = Yll=iXi- For each 1 < i < n, the simple reflection 
Si := Sci acts on f) and f)* by 

Si{\) = A - {ai,\)a{ , for A G f); Si(/3) = /3 - (/3,a,^)a,, for (3 G t)*. 

The Weyl group W, which is generated by {si,--- ,8,1}^ acts on f) and ()* and 
preserves the natural pairing. The root system is given by i? = W-/S. = i?+U(— i?+), 
where i?+ = i? n ®"^i Z>o«i is the set of positive roots. Thus each root 7 G i? is 
given by 7 = w{ai) for some w € W and 1 < i < n. Then we define 7^ = u'(a^) 
and s^ ~ wsiW~^ G W, which is independent of the expressions of 7. 

The length £{w) oiw^W (with respect to A) is defined by £{1) = and £{w) = 
min{fc I w = Si-^ ■ ■ ■ Si^} for w ^ 1. An expression w = Si-^ ■ ■ ■ Si^ is called reduced 
if ^ = £[w). Let P ~ P^ denote the (standard) parabolic subgroup corresponding 
to a subset A C A, Wp, denote the subgroup generated by {sj | aj G A} and 
ujp denote the longest element in Wp. For A C A with P := P^, we denote 
Wp := {w G Wp\i{w) < i{v), Wv G wWp}. Each coset in Wp/Wp has a unique 
(minimal length) representative in W^ C Wp C W. In particular, we have Pa = G 

and Wg — W, and simply denote W^ := Wq and uj := ujq. 

The (co)homology of a homogeneous variety X = G/P has an additive basis 
of Schubert (co)homology classes indexed by W^: if*(A, Z) = ^y^yyp'^cTv, 
H*{X,Z) ^ 0„g^p Zcr"" with (cr",cr„) = Su,v for any u,v€W^ [2]. In particular, 
i^2(A,Z) = e,,gA\A, ^<^s,- Set Q^ = e:Li ^^r and Q^ = e„,eA, ^^l Then 
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we can identify H2{X,'Z) with Q^/Q^ canonically, by mapping X^a gA\A %^Sj 
to Xp = X^a eA\A ^j^'i + Qp- ^'^^ each aj G A \ Ap, we introduce a formal 
variable g^v+gv . For such Ap, we denote qxp = llajeA\Ap la'-'+Q-^- 

Let Mo,m{X, Xp) be the moduli space of stable maps of degree Ap £ H2{X, Z) 
of 771-pointed genus zero curves into X |10j , and evi denote the «-th canonical evalu- 
ation map evi : Mo,m{X, Xp) -^ X given by evi([/ : C -> X;pi, • • • ,p„]) = /(p^). 
The genus zero Gromov-Wittcn invariant for 71, • • • ,7™ & H*{X) = H*{X,Q) is 
defined as /o,m,Ap(7i, ' ■ ' .7m) = /mo,^(x,Ap) evi(7i) U • • • U ev;^(7™). The (small) 
quantum product for a,b £ H*{X) is a deformation of the cup product, defined 
by «*^^ - E„6Vv^Apeff.(x.z)^o,3,Ap(a,6,(a")«)^>Ap, where {(a«)« \ u e W^} 
are the elements in H*{X) satisfying /ylc")' U cr" = S^^v for any u,v € W^ . The 
quantum product • is associative, making {H*{X) (E> Q[q],T^) a commutative ring. 
This ring is denoted as QH*{X) and called the (small) quantum cohomology 
ring of X. The same Schubert classes cr" = cr" 18) 1 form a basis for QH*{X) over 
Q[q] and we write 

cr *cr = 2^ A/„; gApO- . 

luGW^^ApeQV/QV 

The coefficients N^'^^^s are called the quantum Schubert structure constants. They 
generalize the well-known Littlewood-Richardson coefficients when X = Gr{k, n+1) 
is a complex Grassinannian. It is also well-known that the quantum Schubert 
structure constants are non-negative. 

When P ~ B,we have Qp = 0, Wp = {1} and W^ = W. In this case, we simply 
denote A = Ap and Qj = Qa-J ■ A combinatorial formula for N^'^'s has been given 
by the authors recently [20j . As a consequence, we can obtain the combinatorial 
formula for N^':^^ 's for general G/P, due to the following comparison formula. 

Proposition 2.1 (Peterson- Woodward comparison formula [32]; see also [18]). 

(1) Let Xp G Q'^ /Q'p. Then there is a unique Xb G Q^ such that Xp = Xb + Q^ 
and (a, As) G {0,-1} for all a e Rp [^ R+ n 0^.^^^ Zofj). 

(2) For every u,v,w G W^ , we have 



ATW,Ap _ yy 
u,v u.v 



wujpLo' ,Xe 



where u' = upi with lS.pi = {ai G Ap | (0;^, Ap) = 0}. 



Thanks to Proposition l2.11 we have canonical representatives of W/Wp x Q^ /Q^p 
inW X Q^ with respect to the pair (A, Ap), which is a generalization of the case 
W/Wp —^ W^ C W. We will discuss them in more details in the next subsection. 

When w is a simple reflection Si, we have the following (Peterson's) quantum 
Chevalley formula for a"" * a'^' , which has been proved earlier in [TT] . 

Proposition 2.2 (Quantum Chevalley Formula for G/B). For u € W,l < i < n, 

^"*a^= =.^(x„7^)a--' +^(x„7^)'?7-^"'^ 

7 7 

where the first sum is over roots 7 in i?+ for which £{us-y) — i{u) + 1, and the 
second sum is over roots 7 in R'^ for which £{us~^) = £{u) -I- 1 — (2p, 7^). 
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Note that we have fixed a base A = {ai,---,a„}. As a subset of A, wc can 
write Ap = {cn-^ , • ' ' : Q^v}- Then giving an order on Ap is equivalent to giving a 
permutation of Ap. Once such a permutation T is given, wc denote a' = T{ai-) 
for each 1 < j < r and then naturally rewrite the remaining simple roots so 
that A = {d'l, ■ • ■ , OL'n\- III the present paper, we always keep the information on 
the order, whenever referring to (Ap,T) or (an ordered set) Ap = (a'j^,--- ,a'^). 
Furthermore for convenience, we simply denote a' 's by aj's. (In other words, we 
take T = idAp under the assumption in the beginning that Ap = {ai,--- ,ar} 
satisfies certain properties on its associated Dynkin diagram.) 

Notation 2.3. Let (Ap,T) he given with Ap = (ai, • • • ,a,.). 

For any integers k, m with 1 < k < m < r , we denote Ur^^'^i := SQ^. Sat^i • • • Sq^ . 
If k > m, then we just denote u,^^| := 1. Furthermore, we define u,jf^!V^ = 

Ur,^ , and denote u, '^'^"^' := u, ^ .™, , for i = 0, 1,--- ,m. Whenever there is 
no confusion, we simply denote 

(r) Ap,{r} , (m) Ap,(m) 

So :=s„., Ur, , := u,, , and u- := u,- 

Let Aj := {ai, ■ • • ,aj} and Pj := Pa for each I < j < r. Denote Pq ~ B and 
Pr+i =G. A decomposition of w ^ W associated to (Ap,T) is an expression 
w = Vr+i ■ ■ -Vi with Vi G Wp^^^ for each 1 < i < r + 1, where Wp" = Wp^ . By 
the iterated fibration associated to (Ap,T), we mean the family of fibrations 
of homogeneous varieties, given by {Pj^i/Pq — > Pj/Pq — > Pj I Pj-iYj=2- 

We denote by Dyn{A') the Dynkin diagram associated to a base A'. 



Example 2.4. Suppose Dyn{Ap) is given by ai 02 a^ ■ Consider the iterated 

ir+l 
0=2 



fibration {Pj^i/Pq — > Pj/Pq — > Pj I Pj-iYjL2 (associated to Ap = (ai,--- ,0;^). 



Then we have Pr+i/Pr = GjP and Pj / Pj^i = W for each 1 < .? < t- Furthermore, 
the natural inclusion {ai, • ■ • , ofr-i} ^^ Ap (or SL{r, C) ^^ SL{r + 1, <C)) induces 
a canonical embedding Pr-i/B = F£r-i ^t- Fir = P/ B of complete flag varieties, 
which maps a flag Vi ^ ■ ■ ■ ^ K-i in C to the flag Vi ^ ■ ■ ■ ^ Vr-i ^ C in C"'""'^. 

Due to the following well-known lemma (see e.g. [2]), we obtain Corollary 12. 61 

Lemma 2.5. Let 7 G i?+ and w ~ Si-^ ■ ■ ■ Si^ be a reduced expression of w € W . 

(1) w € W^ if and only if w{a) E i?+ for any a € Ap. 

(2) If £{wSj) < £(w), then ^(7)6— i?^ and there is a unique l<k<£ such that 

Sik ' ' ' SiiSj = Sifc^i • • • Sig ana, 7 = Si^jSi^-^ ■ ■ ■ s^^^^ [^ik )■ 

Furthermore for I < j < n, £{wsj) = £(w) ~ I if and only if w{aj) G — i?"*". 

Corollary 2.6. For each w G W , there exists a unique decomposition w ~ w,+i • • • Wi 
associated to Ap = (ai, • • • , a^). Furthermore, we assume that Dyn({ai, • • • , am}) 

is given by ai ai a„ , where m < r. Then for each I < j < m, £(vj) ~ ij if 

and only if Vj = u^, . (In particular, the expression u^"' itself is reduced.) 

Proof. The former is also well-known (see e.g. [E]). The latter statement is a 
direct consequence of Lemma [2751 by noting | Wp^"^ I = J + 1 and Uq , • • ■ , Uj are 
distinct elements of Wp for which (1) of Lemma 12.51 can be applied. D 
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The following lemma should also be well-known. 

Lemma 2.7. Let A C A C A, P = P^ and P ^ P^. Let w ^ vu with u e Wp 
and V ~ Si^ ■ ■ ■ Si^ being a reduced expression of v ^ W^ . For any 1 < j < m, we 
have v' := s^.^^ ■ ■ ■ Si,„ G W? and {v' u)''^ {a.i.) e Rp\ Rp. 

Proof. Assume that the set {a \ Si„^.iSi„+2 ■ ■ ■ ■Si„, ^ W^ , 1 < a < m} is non-empty. 
Then we can take the minimum k of this set. Consequently, w' :~ Si^^^ ■ ■ ■ Si^ ^ 
W? and SifcW' S W? Hence, there exists a € A such that w'{a) G ~R^ and 
Si^w' [a] e R^ . Since si^ preserves — i?^ \ {— aj^}, we have w'ia) = —Oii^. Thus 
w'saw'^^ = s_Q; = Si^ so that £{w'sa) = £{sif,w') = £(w') + 1. This implies 
w'{a) e i?^ by Lemma 12.51 and therefore deduce a contradiction. Hence, for any 
1 < j < m, we have v' :~ Si^^^ ■ ■ ■ Si^ S W? . 

Note that (w'u)~^(a,;J G P^ and 7 := ^'"^(aij G P^. We claim ^ 1^ Rp; 
otherwise we would conclude v's^{'~f) = —v'{j) G —Rp, contrary to v's^{'y) ~ 
Si-v'{'j) G i?"*". Since u G Wp, we have (w'u)^^(aij) = ^"^(7) ^ i?p. D 

2.2. Definition of gradings. In this subsection, we define a grading map gr 
with respect to an ordered set (Ap,T), which is used for constructing a filtra- 
tion on QH*{G/B). In order to obtain gr, we first define "PW-lifting" (Peterson- 
Woodward lifting) as follows. 

Definition 2.8. Given (Ap, T) with Ap = (ai, • • • , a,.), we denote Aj = {ai, • • • , 
aj}, Pj = Paj and Q^ = ®i=i ^cti for each j < r. By the PW-lifting associated 
to (Ap,T), we mean the family {fAAj+i.Ajlr^i of infective maps defined as follows. 
(We denote Q^+i = Q^ , A,+i = A and Pr+i = G.) For each 1 < j < r, the map 

is defined by sending (w,A) to its associated elements {vujp.ujp',\') as described by 
the Peterson-Woodward comparison formula (see Proposition \2.1\) with respect to 
(Aj+i, Aj). That is, X' is the unique element in QY^i C Q^ satisfying A ~ A' + Q^ 

and (a. A') G {0, -1} for all a e R+ (1 0^^^ Za,; Ap, = {a e Aj \ (a. A') = 0}. 

Remark 2.9. Each V'A +i.A also defines an infective map in the canonical way: 

QH*{P,+,/P,) -^ QH*{P,+,/B);q-^a^ ^ gva"""^""^'- 

Recall that a natural basis of QH*{G/B)[q^^, ■ ■ ■ ,q~^] is given by qxcr'^^s la- 
belled by {w, A) G W^ X Q^. We simply denote both of them as qxw (or wqx) by 
abuse of notations. Note that qxw G QH*{G / B) if and only if ci\ G Q[q] is a 
polynomial. 

Definition 12.81 (continued) Let {ei, • • • ,er+i} be the standard basis of 1/'^^ . 
We define a grading map gr : W x Q^ — > Z''+^ associated to (Ap, T) as follows. 

(1) For w G W, we take its (unique) decomposition w = Ur+i ■ ■ ■ Vi associated 
to (Ap,T). Then we define gr{w) := gr{w,0) = X]^=i ^{^j)^j- 

(2) For alia G A, we simply denote gr{qa-j) := gr{l,qa'^). Using the PW-lifing 
associated to (Ap, T), we can define all gr{qj) 's recursively in the following 
way. Define gr{qi) = 2ei; for any a G Aj+i \ Aj, we define 

ffr(g„v) = {£{ujp^ujp>) + 2 + V 2a,;)ej+i - gr{up^up>) - V. , a,gr{q,), 
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3 

where Up. Up' and ai's satisfy {tup. uj pi ,a^+Y^ ai'^i)= V^Aj+i,Aj (1' Q^^+QJ)- 

?'— 1 

(3) In general, x = w^ 11^=1 Ik ' ^^g'^ ^^ define gr{x) ~ 9i'{w)+'Y^i.^i bkgr{qk). 
Furthermore for 1 < k < m < |Ap|, we define 

gr,n := gr[i,m] with gr^^M --W xQ"" ^ Z""'''+^ 
being the composition of the natural projection map and the grading map gr. Pre- 
cisely, write gr{qxw) = X^Li die.i, then we define gr[k,m]{q\w) = Y.T^k'^i^i- 
Recall that the inversion set of w G W^ is defined to be 

Inv(u;) = {7 G i?+ I ^(7) G -R+]. 

It is well-known that i{w) = |Inv(w)| (see e.g. [H]). Take the decomposition w — 
Vr+i ■ ■ -vi of w associated to (Ap, T). For each fc, we note v^+i ■ ■ • Vk+i G W^'' and 
Wfc • • ■ Ui G Wp^ . Thus for 7 G Rp^^ , Wfc ■ • ■ ^1(7) G — i?+ if and only if ^(7) G — i?+. 
Consequently, (.{vk---vi) = |{7 G R']:,^ \ -10(7) G -i?+}| = |Inv(w) n i?jj. Note 
that ^{vk ■ ■ -vi) = Yli^i K^k)- Hence, we have 

r+l 

gr{w) = ^ |Inv(^) n (i?+^ \ i?+^_ J|e,. 

Remark 2.10. We would like to thank the referee for reminding us of the above 
expression of griw). Following the suggestions of the referee, the proof of Propo- 
sition \3.1\ has been simplified substantially in the present version. In type A, the 
vector griw) is essentially what is known as an "inversion table" (see e.g. [31| ). 
The referee has also made the following conjecture: 

gr{q,^)^Y.< J2 /^'7^W- 

If it is true, the proofs of our main results might also be simplified substantially. 

In Proposition I3.10[ Proposition 13.121 Lemma 13.261 and (the proof of) Lemma 
13.271 we will explicitly describe all the gradings gricijYa with respect to a fixed 
(Ap,T). In particular, we will see that gr{qj) = (1 — .?)ej_i + (1 + j)ej for 
'2' < j < r — 1 (which also holds for j = r if Ap is of A-type) . 

2.3. Proof of Theorem 11.21 Assuming Dyn{Ap) is connected, we always con- 
sider (Ap, T) with the fixed order Ap = (ai, • • ■ , a^) in a special way as it will be 
explained in section [2^ In this subsection, we construct a filtration on QH* [G / B) 
with respect to a totally-ordered sub-semigroup 5 of l/"^^ and prove Theorem 1 1.21 
which is the most essential part of our main results. 

Unless otherwise stated, we will always use the lexicographical order, when- 
ever referring to a partial order on (a sub-semigroup of) Z'" in the present paper. 
(Recall that a < b, where a = (ai, • • • , am) and b = (fei, • • • , 6„i), if and only if 
there is 1 < j < ?ti such that aj < bj and Ok = bk for each 1 < k < j.) 

Definition 2.11. We define a subset S of U'^^ and a family T = {-Fajaes of 
subspaces of QII*{G/B) as follows: 

S ^ {gr{q^w) I qxw G QH*{G/B)}; F^ ^ Qqxw C QH*{G/B). 

gr(qxw)<a 
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As will be shown in section |4l we have 

Lemma 2.12. S is a totally- ordered sub-semigroup ofZ^^^. 

Now we can state Theorem 11.21 more explicitly as follows. 

Theorem 11.21 QH*(G/B) is an S- filtered algebra with filtration J- . Furthermore, 
this S -filtered algebra structure is naturally extended to a I/^^ -filtered algebra struc- 
ture onQH*{G/B). 

That is, we need to show FaFb C Fa+b for any a, b G 5. In order to prove it, 
we need to assume the following Key Lemma first. 

Key Lemma. Let u eW and 7 e i?+. 

a) If £{usy) — £{u) + 1, then we have gr{us^) < gr{u) + gr{si) whenever the 
fundamental weight Xi satisfies (xjjT^) 7^ 0. 

b) If (.(us-y) = £{u) + 1 — (2p, 7^), then we have gr{q^vus^) < gr{u) + gr{si) 
whenever (Xii7^) 7^ 0. 

Lemma 2.13. For any 1 ^ w £ W , there exist w' £ W and I < j < n such that 
gr{w) = gr{w') + gr{sj) and the quantum structure constant N"^,'^, is positive. 

Proof. Take the decomposition w = u^+i • ■ -wi of ui associated to (Ap, T). Since 
w f^ 1, the set {i \ i{vi) > 0} is non-empty, so that we can take the minimum k of this 
set. Thus we have vi = ■ ■ ■ ~ Vk-i — 1 and Vk = SpV with £{spv) = 1 + £{v). Note 
that 7 := v~^{ap) £ RJ, , and vs^ = Vk- Consequently for w' :— Vr+i ■ ■ ■ Vk+iv, we 
have w = w's-y and £{w' s-^) = £{w) + l. By Lemma [2?7l we have v G Wp''^^ and 7 ^ 
Rp_ ■ Hence, there exists 1 < j < n with aj G A^ \ A^^i such that {xjil'^) > 0. 

For any one such j, by Proposition 12.21 we have N^,'^, = Nl" ^''/ — {xj^l'^) > 0. 

Furthermore, we have gr{w) = T.l^l i{vi)ei = {£{v)ek + T.l^l+i £{vi)ei) + e^ = 
gr(w') + gr{sj). D 



Proof of Theorem \1.2\ For the first half of the statements, it suffices to show: cr"' • 
qxa"^ G Fa+b, for any a'^,q\a'^ G QH*{G/B) with a ~ gr{w) and b = gr{q\u). 
We use induction on £{w). 

If £(w) = 0, then <j^ is the unit and it is done. If l{w) = 1, then w = Sj and 
consequently we have (t*j •cr" G -F'gr(s )+gr(u) = F^+h-gr{qx)^ by using Proposition 
2.21 and the Key Lemma. Thus we have cr*" * qxu^^ G Fa+b in this case. Assume 
£{w) > 1. By Lemma [2.131 there exist w' £ W and 1 < j < n such that gr{w) = 
gr{w') + gr{sj) and a""' * a"^ = ca-^ + E„^^ c,,,^g^cr", where c = 7V^;_°^ > and 
the summation is only over finitely many non-zero terms for which Ci,,^ > 0. In 
particular, we have £{w') = £{w) — 1. Using the induction hypothesis, we have 
a'^' * qxu G Fgr(io'}+h- Thus (ccr'" + J2v,fi Ci;,^?^'^'") * 9act" = (t"' * (ct™' * ^Acr") G 
Fgr(s)+gr(w')+h = ^a+b- Sincc all the quantum Schubert structure constants are 
non-negative, there is no cancellation in the summation on the left hand side of the 
equality. Hence, we conclude a'" * qxcr" & ^a+b, by noting c > 0. 

The second half is a direct consequence of the first half. Indeed, QII*{G/B) 
has a Z''"'"^-filtration {-F'a}aeZ''+i i which is a natural extension of J-. Here we just 
need to set F^ ■= Ub<a bes^a ^'^^ ^^y ^ ^ 2''+^ \ S (note S is sub-semigroup of 
Z''+i). " ' D 
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The next proposition follows directly from Definition 12.81 

Proposition 2.14. The evaluation o/q at reduces the 7/ ^^ -filtration on QH*{G/B) 
to the classical "Z^^^ -filtration on H*(G/B), which comes from the iterated fibration 
{Pj-i/Pa -^ Pj/Pq — > Pj/Pj-iVjtl- (Recall that Pq = B and F,.+i = G.) 

2.4. A canonical order (Ap,T). When referring to (Ap,T), we have already 
given an order on Ap via the permutation T. It is done if r = 1, since T = idAp 
is the only permutation map. In this subsection, we introduce the special choice of 
the orders for r > 2 as mentioned at the beginning of section 12.31 We will use this 
special order throughout the present paper, which is in fact obtained in a canonical 
way. We introduce it first for a subbase of A-typc and then for others by reducing 
them to the case for A- type. 

Suppose Ap is of Ar-type. We rewrite the simple roots so that A = {/3i, ■ • • , /3„} 
and Dyn{A) is given by one of the cases in Table [2l In terms of the order 
(/3i, ■ • • , /3„), wc obtain a canonical order (Ap, T), in the sense that Dyn{Ap) is 
inside £'yn(A\{marked points}) in a natural way. That is, we require the condition 
(*) to be satisfied. 

(*) : there exists o > such that aj = /3o+j for each 1 < j < r. 

Furthermore, the additional conditions in Table [2] tell us the information on the 
starting point ai(= Po+i) £md the ending point ar{~ /?« = /3o+r)- For instance, 
any one case of C8), C9) and CIO) implies that o = and Ap = (ai, 02) = (/^i, /32)- 
That is, the order of Ap = {ai, 02} is expressed in terms of the order of {/3i, (32} 
with respect to the corresponding case. 

Remark 2.15. In Table\^ we have treated bases of type Eq and Ej as subsets of 
a base of type Eg canonically. Because of our assumption 2 < r < 77 = |A|, a base 
of G2 -type does not occur there. 

Remark 2.16. Intrinsically, we obtain the canonical order (Ap,T) as follows. 

Ap admits canonical orders in the sense that Dyn{Ap) is given by ai 02 a,- ■ 

There are two ways to denote an ending point (by ai or ar). We fix one in the 
following way. There is at most one root in Ap, saying a, such that the Dynkin 
diagram of Ap U {ak (z A\ Ap \ [au, ci') i= 0} is not of A-type. We denote an 
ending point by ai such that both the ending point and the connected component of 
A \ Ap adjacent to it are as far away from a as possible. 

Comparing it with Table [2l we can easily see that Ap must occur in at least one 
case of Table [2] (together with condition (*) being satisfied). If it occurs in more 
than one case, then we just choose any one of these cases. The choice does not 
affect all the results, since all the relevant statements hold with respect to all cases 
in Table [21 as we will see later. 

Remark 2.17. If [A, Ap) occurs in more than one case in Table\^ (for instance 
in case C2) and C3) with respect to the condition K = r = n — 1 = 3 J then the 
corresponding orders (Ap,T) and (Ap,T') are isomorphic. That is, there exists 
an isometry of (f> : A -^ A such that (f>(Ap) ~ Ap and T o (f> = T'. 

Now we assume Ap is not of ^-type and denote <^ :— r — 1. Note that there 
always exists a S Ap such that Dyn{Ap \ {a}) is of ^^-type. Thus when r > 2, 
we obtain a canonical order ( Ap , T) by requiring: 
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Table 2. (Ap, T) when r > 2 



Dynkin diagram of A 



Additional conditions (k := o + r) 



CI) 



I3V^2 ' ' '^A^i - /^n is adjacent to /3„_i 



K < 71 — 1; 
A is of type A„ , i?„ or C„ 



C2) 



o — o • 

ft & /9„-2 /3„-i 



K < 71 — 2 or 



r >3 

K = n — 1 



C3) 



/3„ /3„_i ft ft ft 



K = r < 3 



C4) 




1 /32 ;33 04 Ps Pa Pi 



^_ rr>3 rr>5 

K < 5 or i „ or i 

L K = D y K 



7 



C5) 



• — • — • — • — o — o — o 

Pi Pt ft Pr, ft ft Pi 



K < 3 or -^ 

- I K = 4 



C6) 



/3s 



• — • — • — o — o — o — o 

Pr ft P5 Pi P3 ft Pi 



K, = r = A 



C7) 



Pi Pi P-i ft /35 /37 ft 



K = 6,r > 3 



C8) 



Pe P& Pi P3 Pi Pi Ps 



K = 2 



C9) 



Pi Pi Pa Pi 



K=2 



CIO) 



Pi Pi Pa Pi 



K=2 



a) the restriction of Ap to A^ = (ai, • • • ,a^) is the canonical order obtained 
by directly replacing r with ^ in Table [2] 

b) ttr = l3o+r (note that Ur-i — /3o+r-i once a) holds). 

Precisely, Ap fulfills one and only one of the followings (note that k — o + i; and 
condition (*) is satisfied): 

(1) Ap is not of Z?-type. It occurs in a unique case (among CI), C4) for k = 
7,C9) and CIO)) in Tabled 

(2) Ap and A are both of ZJ-typc. It occurs in case C2). 

(3) Ap is of Z3-type and A is of S-type. It occurs in either of cases C5), C7). 

As a consequence, the canonical order (Ap, T) is determined by the corresponding 
case in which Ap occurs. For convenience, if Ap occurs in both C5) and C7), then 
we always choose case C7) for use. 

When r = 2, we can still give an order on Ap so that it is compatible with our 
arrangements for r > 2. Indeed, we do this as follows. Since Ap is a proper subset 
of Ap, the case of G'2-type does not occur. Since Ap is not of ^-type, A must be 
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of type B,C or F. we take (ai,a2) to be (/3„_i,/3„) for the former two cases, or 
(/32,/33) in CIO) for the last case. 

Remark 2.18. Ap occurs in case C5) other than in case C7) only if r = 5 and A 
is of Ej -type or Eg-type. 

3. Proof of the Key Lemma 

This whole section is devoted to the proof of the Key Lemma. The readers, who 
wish to see more concrete statements of our theorems as well as their proofs, can 
skip this section by assuming the Key Lemma and two consequences (Proposition 
13.231 and Proposition l3.24p of a special case of it first. For emphasis, we restate the 
Key Lemma as follows. 
Key Lemma. Let u G W and 7 e i?+ . 

a) If £{usj) = £{u) + 1, then we have gr{usj) < gr(u) + gr{si) whenever the 
fundamental weight Xi satisfies (xi,7^) f^ 0. 

b) If £{uSj) = i{u) + 1 — (2/9,7^), then we have gr{q^-^us^) < gr[u) + gr[si) 
whenever the fundamental weight Xi satisfies (Xij7^) ¥" 0. 

We first do some preparations in section 13.11 and section 13.21 Then we prove the 
Key Lemma for the special case when Ap is of A-type in section 13.31 and obtain 
two consequences in section 13.41 Finally in section 13. 5[ we prove the Key Lemma 
for general cases. Li addition, we also give the explicit descriptions of all gr(qjYs 
in section 13.21 and section 13.51 

We would like to remind our readers of the notation gr{w) = X]^=i h^j ^ 
(ii, • • ■ ,v+i) for w £ W and the notions ^^grm\ "ff'^ffc.m]" in Definition 12.81 Fur- 
thermore, we assume Ap to be of A-type throughout this section except section [3.5\ 



As a consequence, we have w = uj" • ■ • u^ g Wp by Corollary 12. 6( once assuming 

ir+1 ~ 0. Unless otherwise stated, hy w = vu)^ • • • u,- we always mean the de- 
composition of w associated (Ap,T) when Ap is of A-type; equivalently, we have 
veW^. 

3.1. Some properties on W. The main results of this subsection are Proposition 
13.11 and Proposition 13. 4[ which compare the gradings of certain elements in W. 

Proposition 3.1. Let 7 e i?+ satisfy (0,7^) = for all a G Ap = Ap \ {ofa}, 
where I < a < r. For any w G W , we have 

aek- 

k—a 

Lemma 3.2. Let 7 e i?, Ap C A and w = vu with v G W^ and u G Wp. If 

(ofj, 7^) = for all aj G Ap, then ws^ = vu with v G W^ . In particular if 
Ap = {ofi, • ■ • ,aa} where a <r, then graiws^) = gra{w). 

Proof. Let ws^ = vu where v G W^ and u G Wp. By the assumption, we conclude 
s^{aj) = aj and SjS^ ~ s^Sj for any aj G Ap. Hence, usj = s^u and consequently 
we have vuu~^ — ws^u^^ ~ wu^^s^ = vs^. If u 7^ u, then there exists (3 G RX 

such that 13 := uu^^{(3) G —Rt,- Hence, we conclude vsj{(3) = v{f3) G R~^ , contrary 

to vs^{(3) = vuu^^{/3) — v{(3) G — /?+. The latter statement becomes a direct 
consequence. D 
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Proof of Proposition \3.1\ Write gr{w) = X]I;=i ik^k and gr{ws^) = X]fe=i ^k^k- By 

Lciiinia [3.2| we conclude gra-i{ws^) = gra-i{w). That is, ik = ik for 1 < fc < a — 1. 

Clearly, ia < cl < ia + a. For a + 1 < fc < ?', wc note that R^ \ R^ = 

{^j^ ■ at I 1 < j < fc}. In addition, we have ik = |Inv(w) fl {Rp^ \ Rp^__^)\ and 
ik = |Inv(ws-y) n {K]d^ \ Rp__ )|- Since (at,^^) = for any a+ 1 <t < r, we have 

'^^-(iY,t=] "*) = '^iJ2t=j ^t) whenever j > a+1. Hence, ik - ik < \{J2t=j "t I 1 < 
j < a}\ = a. 

Hence, we have grr{'ws^) < grr{w) + X]fc=a ^®fc- '-' 

Lemma 3.3. For any l<i<j<m<r and I < k < m, we have 



(m) (m) 
U,. .,U,, 
[i.jl [k,m 



r\u\"'], ifk>j+2 



i.m 



For the above lemma, we recall that Mr™] = SjSi+i ' ' ' Sj- As a direct consequence, 
we obtain the following grading comparisons. 

Proposition 3.4. Let w = u[ ■ ■ -ul . Suppose j < m < r. 

a) If £{u"^ w)=j +i{w), then griw™" w) — gr{w) + jek for a unique 1 <k< r. 

b) If i{sjw) = £{w) — 1, then gr{sjw) = gr{w) — e^ for a unique I < k < r. 

c) £{wsj) = i{w)^l if and only ifij > ij^i + 1 (where io := 0). When this hap- 
pens, we have gr{wsj) = X^Ci 'i-kSk + [ij - l)ej-i +?'j-iej +X]fc=j+i ikek- 

Furthermore ifw'&Wp satisfies i(w'w) — i{w)±£(w'), then there exist non-negative 
integers pk 's such that X)I-=i Pk = £(w') and gr{w'w) — gr{w) ± X]fe=i Pk^k- 

Proof. Note that u"^ up = u,' .,, ,u, ■ ,, , = u,' .,, ,u, ■ ,, ,. By 

Lemma 13.31 there are exactly four possibilities for this product. Since £(u'™' w) = 
j -\-£{w), the (third) case m — j -\-l < r — v + 1 < m cannot occur, li m ~ r ^ ir (i.e. 
the second case occurs), then it is done by taking ek = e,.. If r — v + 1 > m + 2, 
we have m < r — 1 and uP u)^ = u, . , , ,u, ■ , , , = u; u„™ ; if r — i^ + 1 < 

. , , , (m) Ir) Ir) (r) (r) (m-l) 

771 — 7 + 1, we liave u- u] — u, . , , -.u, . ,-, — u, ■ , , lU) - ,, = 

uf u)^ ' . That is, in either of the remaining two cases, we always have u™" w = 

u^' u™ w' in which £(u^™ V;') = j -\-£{w') with m' < r—1 and w' — uY • ■ • u^ . 
Hence, a) follows by induction. 

The arguments for the remaining parts of the statement are also easy and similar, 
which we leave to the readers. D 



Proof of Lemma \3.3[ Note that SjSk = SkSj if \j — fc| > 2, and SkSjSk — SjSkSj if 
\j — fc| = 1. The first two cases are trivial. For 1 < fc < 5 < ?ti, we have 

^b ■ U[T.m] ^ Sb ■ {Sk- ■ ■ Sm) = Sk ■ ■ ■ Sb-2SbSb-lSbSb+l ' ' ' Sm 

= Sk- ■ ■ Sb^2Sb-lSbSb-lSb+l ■ ■ ■ Sm 
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= (Sfc • • • S,n) ■ Sb^l = U[i^,mfb-1- 

Thus if fc < i. then uj™ .,Wr" , — Wr" iWr" , . tt li i < k < j, then 



"^■■'j]"[fe,H = (*»■■■ Sfe)(sfe+i • • • Sj) • (sfc • • • s„) 



(m)__/)n) 

= (Si ■ ■ -Sfc) ■ (Sfc • ■•Sm)(sA: • • -Sj-l) 
= (Si • • • Sfc_l)(sfe+i • • • Sm){sk ■ ■ ■ Sj-l) 



f \/ \ (m) (m) 

= (Sfc+1 ■ • • Sm)(s, • • ■ Sj-l) = W[fc+i,„] "[,,/_!]■ D 

Let us recall the following well-known fact, which holds in general. 

Lemma 3.5. Let P C P be parabolic subgroups of G. If w € W? , then i{w) < 
£{ujpijp). Furthermore, the equality holds if and only if w ~ LOpujp. 

Proof. Note that ojp sends positive roots R^ to negative roots —RX C —Rt> ^^^ 
ujp sends —R'p to R^. Hence, 0JpUjp{Rp) C i?+, implying ujpUjp G Wp. Hence 
the statement follows, by noting ujp is the unique longest element in Wp and 

i{ujpv) = iiujp) - i{v) for any v G Wp. D 

Lemma 3.6. Let Ap = Ap \ {ak] where 1 < k < r. We have a) gr{ujpujp) ~ 
YJp=k ^6p a'^^ t>) for any v G W^ , gr(v) = I]p=fc Jp^i^ with jr < ■ ■ ■ < jk < k. 

Proof. Write gr{v) = X]p=iJp^p ^^'^ ^^^ Jo = 0- For each ap e Ap, we have 
£{vsp) ~ £{v) + 1 by Lemma [2.51 This implies jp < jp_i by Proposition 13.41 That 
is, jr < • ■ ■ < jk+1 < jk < k and < jk-i < ■ ■ ■ < ji < .jo — 0. Thus b) follows. 

Letw = 4''^---4''^. Note that w e ly/ and ^(w) = k{r^k+l) = \Rt.\~\Rp\ = 
i{ujpujp). By Lcmma l3.5l we have if = ujpujp. That is, a) follows. D 

In addition, we introduce the next three useful lemmas. 

Lemma 3.7 (see e.g. [M])- For any 7 e i?+, we have i{s.y) < (2p, 7^) — 1. 

Lemma 3.8. Let j £ R+ \ A satisfy ({s-y) = (2p, 7^) - 1. For any I < j < n 
with (aj,7^) > 0, we have {aj,"/'^) = 1. Furthermore for f3 :~ Sj{"f), we have 
/?^ = 7^ - aj and i{sp) = £{s-,) - 2 = (2p, /?^) - 1. 

Lemma 3.9. Let 7 e i?+ \ A. If £{us-y) = £(u) + 1 - {2p,j'^) where ueW, then 
£{s-y) ~ (2p, 7^) — 1. Furthermore, we take any 1 < j < n with («-,■, 7^) > 0, and 
set j3 := Sjij). Then all the fallowings hold: 

£{usj) = £(u)~l, £(usjSp) — £{us j) ~ £{s p) , £{us^) = £{usjSpSj) ~ £(usjSfj) — l. 

Proof. We prove all these three statements together, including the proof of Lemma 
13.71 from [24] by induction on £(s^). 

If £{sj) = 1, then 7 G A and consequently £{sy) = 1 = 2(p,7^) — 1. Now we 
assume 7 £ i?+ \ A. Take any 1 < j < n such that (7, aj) > (such j does exist; 
otherwise, we would conclude 2 = (7,7^) < 0). Consequently, («_,-, 7^) > 0. Thus 
Sj{aj) = aj-(aj,7'^)7 G -R+. Also SjS^{aj) = ((7, aj)(aj,7'^)-l)aj-(aj,7'^)7 
is a negative root. By Lemma [2T5l we have £{sjS^Sj) = £{s^) — 2. Because 3^(7)^ = 
Sj{j^) = 7^ — (Q;j,7^)aJ, we have (p, 5^(7)^) = (p, 7^) — (aj,7^). By the induction 
hypothesis, we conclude the following: 

(3.1) £{s^)^£{sjS^Sj) + 2 < 2{p,Sj{jy)-l + 2 
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(3.2) = 2(p,7^)-l + 2(l-(a„7^)) 

(3.3) < (2p,7^)-l. 

lii{s.y) = (2/9, 7^) — 1, then both (2.1) and (2.3) must be equalities. In particular, 
we conclude (aj,7^) = 1, /3^ = 7^ - aj and lisp) = £{s^) - 2 = {2p,(3'^) - 1. 
It remains to show Lemma 13.91 Indeed, we have 



e{u) - e{s-^) < e{us^) = £{u) ~ {{2p, -/"") -1)< £(«) - £(s^). 

Hence, both inequalities become equalities. Thus i{sj) = (2/9,7^) — 1. 
Furthermore, we note (.{uSjSpSj) = i{us-y) ~ i{u) — i{sy) and 

£{usjspsj) >£{usjsp)~l >e{usj)-~l{sp)~l > e{u) -1- i{sp) -1 = £(m) -£(.s^). 

Hence, the statements in Lemma [531 also follow. D 



3.2. Explicit gradings of q^'s. The main results of this subsection are Proposition 
13.101 and Proposition 13 . 1 2l giving explicit formulas for gradings gr((7j)'s. 



Proposition 3.10. Let 2 < j < r. Following the notations in Definition ] 2. 8[ we 
have ^A,,A,_i(l,aJ +Qj_i) = (^i~/\aP and gr{qj) = (1 - j)ej_i + {l+j)ej. 

Proof. Note that Aj_i C Aj with A^ \ Aj_i = {aj}. Clearly, {a,a^) £ {0,-1} 
for all a G R^ D ^IZ^ 1,cii. Hence, we have Ap/ = {a G Aj_i | (a,a^) = 0} 
= Aj_i \ {aj_i}. Therefore we conclude gr{LUp_-^ujpi ) = {j — ^)^j-i by using 
Lemma 13.61 fwith respect to Aj_i). Thus the former equality holds. Consequently, 
the latter equality follows by Definition 12.81 D 



The next lemma works in general, namely we do not need to assume Ap to be 
of A-type. 

Lemma 3.11. Let u eW and A G Q^. 

(1) Write gr{qxu) = (ji, • • • ,jr+i)- Then J^ltl jk = ({u) + {2p, A). 

(2) Let 7 G i?+ satisfy i{us^) = i{u) + 1 - (2^,7^). For any I < p < n, 
gr{q-fvusj) < gr{u) + gr{sp) if and only if grr{q^^us^) < grr{u) +grr{sp). 

Proof. Denote |(ai, • • • , a^+i)! = X]a;=i '^k- Note that i{u) = \gr{u)\. Furthermore, 
we conclude \gr{qa'j)\ = 2 for all a G A by induction. Thus (1) follows. 

Write gr{u) + gr{sp) = (ii,--- ,V+i) and gr{qjvus^) — (ii,--- ,ir+i). Assume 
(ii, • • ■ , ir+i) < (ii, • • • , Jr+i), then we have (ii, • ■ • , v) < (*i, ■ • ■ , v) by definition. 
Assume («i,--- ,v) < (*i,'"' iV)- If "<" holds, then it is already done by the 
definition of the lexicographical order. If "=" holds, then we conclude ir+i = V+i, 
by noting J^lll ik = \gr{q^yusj)\ = £{us^) + (2/9,7^) = £{u) + 1 = J2l^\ »fe- Thus 
(2) follows. D 

Proposition 3.12. For any a G A\ Ap, one and only one of the cases in Table\3l 
occurs, where we require r > 2 (resp. 3 and 5) for case b) (resp. e) and i)). 

Proof. Clearly, Dyn{Ap U {a}) is given by a unique case in Table [3l 

Let Ap = a'^ + Qp and ^a,Ap(1: -^p) = <1\b^p'^p'- Here Ap G Q^ is the (unique) 
element satisfying (/3, Ap) G {0,-1} for all /3 G R^. Since Ap is of A-type, this 
is equivalent to requiring {uj^Xb) = for all aj G Ap but at most one and if 
such unique aj exists then (ajjAp) — —1. For each case in Tabled it is easy 
to see that the element Ap as provided does satisfy this property. Consequently, 
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Dyn{Ap U {a}) 



j'aaA^c,^ + Qp) 



gr{qa^ 



(r) 



{r + 2)er+i - re,. 



b) 



a ai Q2 



(r) (1) 

qa-JUi ■ ■ -ui 



{r + 2)e,.+i - Y.'.^^ Bj 



c) 
d) 



(r) (r-1) 



(2r + 2)er+i - 2rer 



(r) 
qa-^Ur 



{r + 2)er+i - re,. 



e) 

f) 



(r) (r-1) 



2rer+i + (1 - r){er + e^-i) 




(r) (r-1) (r-2) 
9Q"^U,._2Wr-2 ^r-2 



(3r - 4)e,+i + (2 - r) ^ 



j=r-2 



^aVSi 



(-1,3) 



ga^gisi 



(-3,5) 






qa^ 



2e 



r+l 



Ap' = {ai S Ap I (tti, As) = 0} = Ap \ {a^} for a certain 1 < A: < r + 1. Hence, 
we can directly write down ojpLOpf by using Lcmnia l3.6l Finally, we obtain gr^q^v) 
as is listed in Table [31 by direct calculations (with Definition 12.81 and Proposition 

Km . o 

The next corollary follows directly from Table [3 

Corollary 3.13. // r = 1, then gr{qj) ~ (a, —a + 2) with a = (ai, a^) for each j. 
Consequently for any A £ Q^ , we have gr{q\) — ((ai. A), {2p — ai, A)). 

As we will see later, we use induction on l{s^) to prove the Key Lemma. The 
next proposition shows the special case of the Key Lemma when l{s^) = 1. 

Proposition 3.14. Let u E W and 1 < j < n. If i{usj) = i{u) ~ I, then 
gr{qjUSj) < gr{u) + gr{sj). 



Proof. Let gr{u) = {ii,--- ,ir+i) and gr{usj) = (ii,- 



_i). When a, G Ap, 



we have 1 < j < r. If j = 1, then we have ii = 1 and gr(usi) = (0, 12,- ■ ■ , ir+i)- 
Hence, gr{qiusi) = gr{qi) + gr{usi) = (2,0, ••• ,0) + (0,i2, -_,ir+i) = gr{u) + 
gr{si). If 2 < j < r, then by Proposition 13.41 and Proposition 13. 101 we conclude 

gr{qjUSj) - gr{u) - gr{sj) = ((l-j)+ij - 1 -Zj_i)ej_i + {{1+ j)+ij^i -ij - l)ej. 

Thus we have gr(qjUSj) < gr{u) + gr{sj), by noting < ij-i < ij < j. 

When Qfj G A \ Ap, wc note that gr{sj) = e^+i. By Lemma [3. Ill it suffices to 
show grr{qjUSj) < grr{u). Write gr{qjUSj) — (ii,--- ,v+i)- and V'A,Aj>(l,ay + 



Xb(^pi-l)' . We first assume A^ 



Then Ap/ = {a e Ap | {a, a)) = 0}. If 



Ap/ — Ap (i.e. case i) of Table [3] occurs), then we have grr{qj) — and grr{usj) — 
grr{u) (by Lemma 13. 2p . Thus it is done in this case. Otherwise, wc conclude 
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Apr ~ Ap \ {aa} for a unique 1 < a < r (from Table [3l). Consequently, we have 
gfriqj) = —grr{ujpuj') by definition, grr(usj) < grr{u) + X]fc=a ^^k by Proposition 
13.11 and gr{ujpuj') = J2k=a'^^>^ ^V Lemma [3.61 Hence, we do have grr{qjUSj) < 
grr(u) in this case. Now wc assume A^ ^ a^ . Due to Table |31 it remains to 
consider case c) and h). If case h) occurs, then n = 2,r = l,gr{qj) = (—3,5) and 
we do have ii = —3 + ii < —2 < ii. If case c) occurs, then grr{qj) = —2rej. 
and we have grr-i{usj) = grr-i{u) by Lemma 13.21 Hence, grr{qjUSj) — grr{u) = 
(— 2r + ir — ir)er < (— 2r + r — 0)er < 0. Hence, the statement follows. D 

3.3. Proof of the Key Lemma when Ap is of A-type. Recall that we have 
assumed Ap to be of A-typc in this subsection. 

Proposition 3.15. Part a) of the Key Lemma holds. 

Proof. Write us^ ~ Wr+i^V ■ ■ ■ Vi, where Vr+i G W^ and f^. = u\ for 1 < fc < r. 
Thus gr{us^) = (ii,--- ,ir,^{vr+i)). Fix a reduced expression of Vr+i- Since 
i(u) = £(usjS-y) < (.{us-f), by Lemma [2.51 we have u = Vr+i ■ ■ • Vm+iVmVm-i • • • wi 
for some l<TO<r+l, in which Vm is the element obtained by with deleting a 
(unique) simple reflection from Vm. Since (.{u) = £(usj) — 1, the induced expression 
of u is also reduced. Hence, £{vm) = £(vm) — 1 and if we write Vm = v'w with 
v' e Wp^^^ and w € Wp^^_^, then t{vm) = £{v') + £{w) and £{wvm-i ■■■vi) = 
i{w)+£{vm-i ■ ■ ■ vi). By Proposition l3.41 there exist non- negative integers p^'s such 

thatgr(M) = (Zi+Pl,- •• , im_l+Pm_l, £(«'), «m+l,- •■ ,ir,£{Vr+l))^''Ah-YJk=l Pk = 

i[w). On the other hand, by Lemma [2.71 we conclude 7 € R^, \ Rp^_^, so that 
min{.gr(si) | (xj,7^) 7^ 0} = e,„. Hence, wc have gr{us^) = (ii, ■ • ■ ,ir,^(fr+i)) < 
(ii +pi,- ■■ ,i,n-i +Pm-i,£{v') + l,im+i,--- ,V,^(wr+i)) = 5r(u) + e„j, by noting 
iivr+i) + ELi ik = iius^) = iiu) + 1 = eiv') + ELi ^k + j:T=iPk + 1- □ 

The remaining part of this subsection is devoted to a proof of the following. 

Proposition 3.16. Part b) of the Key Lemma holds. That is, for any u €z W and 
7 G i?+, if (LI): i{us^) = £{u) + 1 — (2p, 7^), then we have (L2): gr{q^vusj) < 
gr{u) + mm{gr{si) \ {xi,!"^) 7^ 0}. 

Lemma 3.17. Part b) of the Key Lemma holds when Ap ~ {cti}. 

Proof. We use induction on i{s.y). If £{s^) = 1, then 7 G A and consequently (L2) 
follows from Proposition 13. 141 Now we assume 7 G R'^ \ A. Write gr{u) = {ii, 22), 
9t{u s-i) = (ii,J2) and gr{q^v) = {ki,k2), in which fci = (ai,7^) by Corollary 
[?T51 If ki < 0, then ji + ki < 1 + ki < 0. If fci = 0, then wc have ii = ji by 
Lemma [3.21 In either of the cases, we conclude ji + fci < «i. Thus (L2) holds 
by Lemma [3.111 Otherwise, (ai,7^) = fci > 0. Then by Lemma [3.81 and Lemma 
13.91 we conclude that for /3 :— 31(7) the foUowings hold: /3^ = 7^ — a^; gr{qi) + 
gr(usi) < gr{u) + gr(si) (by Proposition [3lT4|; gr{qii-j) + gr{usiSp) < gr{usi) + ec 
(by the induction hypothesis), where we denote Be '.— imii{gr{si) \ {xitP^} ¥" 0}; 
gr{usiSi3Si) = gr{usisp) — gr{si) (by Proposition 13. 4p . Hence, we conclude (L2) 
holds, by noting ec = min{ec,.gr(si)} = min{.gr(si) | (xj,7^) 7^ 0}. D 

When A is also of A-type, it is easy to obtain As and gr{q\i^) associated to a 
given Ap G Q'^ /Q'p- For instance, by direct calculations we conclude the following 
lemma. (Recall that aj = Po+j for 1 < i < r in Table [2]) 
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Lemma 3.18. Let A be of A-type and m < r + 1. Following the notations in case 
CI), we set A = EfeLi ^Z^^+r+i-m+fc- Then the followings hold (where • eo := 0). 

(1) // m ^ r + 1, then (a, A) = for all a G Ap; if m < r + \, then for any 
a e Ap, (a, A) is equal to —1 if a = Ur+i-m, or equal to otherwise. In 
particular, A is the element associated to m/3^^_^_|_]^ + Qp via PW-lifing. 

(2) gr{qx) = m{r+2)er+i-{r + l-m)Y^l^^^-^^_^^^ek. In particular if m = r+l, 
then grr{qx) = 0. 

Furthermore, we have grr{Ylik=o f^k) ~ 0? whenever o > 1. 



Since the case of A-typc is relatively easy to handle, we would like to compare 
all relevant information for A being of general type with those when A is of A-type. 
Due to Lemma 13.111 we only need to care about grr{q\w). For these purposes, we 
bring in a base A of A-type and introduce the notion of ^^ virtual coroof^ as below 
for r > 2. 



Let A ~ {/3i, • • • , $n} be a base with Dyn{A) given by 



Pi h 



P^ 



Denote 



Cii = Po+i for each 1 < i < r (the notation "o" is the same one as in Table [2]). Set 
Ap = {(ii, • • ■ ,dr}. Following Definition 12.81 we can obtain a grading map with 
respect to (Ap,Id^ ), which we also denote as gr by abuse of notations. Clearly, 
Pj I— >• Pj extends to an isometry A \ {/3^} — ^ A \ {/3,,} of bases, where rj is given in 
Table m Denote Q^ ^ 0"^^ Z/3,^. 

Definition 3.19. Let A G Q^ . We call A G Q^ a virtual coroot of X (at level rj), 
if A satisfies both grr{qjj ~ gfr{q\) cind {on, A) = (a^. A) for 1 <i < r. 

Lemma 3.20. For each case in Table\^ (where we have assumed r > 2), there is 
a virtual coroot X of X ^ ^7=1 ^j/?/ (o-t level rj), given by Tablel^ 

Table 4. Virtual coroot A= c,,/.t+ X]^=i Cj/?/ 





Cl) 


C9) 


CIO) 


C2) 


C3) 


C5) 


C7) 


C4) 


C6) 


C8) 


V 


n 


3 


3 


n 


4 


5 


7 


8 


8 


7 


A 


-{P,-uP^,)P^, 


PVi + 2/3,^ 


E J/55\. 


E J/33\, 





Proof. Note that A \ {/?,,} is canonically isomorphic to A \ {Pn) as bases and that 
Ap C {/3i, • • • , /3j,-i}. It is easy to see /3J is a virtual coroot of /3j (resp. 0) for 
each j < rj ~ I (resp. j > 1] + I). Combining Tableland Table [31 we conclude 
that grr{q(i) = grriqp'j) and (di, /i) = {ai,j3'^) for 1 < i < r. That is, /i is a virtual 
coroot of /?,'!'. Hence, the statement follows. D 



Remark 3.21. Lemma \3.20\ tells us about the existence of a virtual coroot. Due 
to Lemma \3.18[ we note that the uniqueness does not hold: if X is a virtual coroot 
ofX,sotsX + j:]^,jPj. 

Due to Lemma [3.17[ it remains to care about the case when r > 2. The next 
proposition shows that we can describe most of the coroots uniformly with the help 
of the notion of "virtual coroots" . 
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Proposition 3.22. Assume r > 2. Let j e R+ \ A satisfy £{s-y) = (2/9,7^) - 1. 
Then one and only one of the foUowings holds. 

(1) There exists a virtual coroot 7^ ~ Y^n=i CpOti ofj'^ 
Cr+i < r and Cp — 1 < Cp-i < Cp for eachp G {1, • • • 

(2) 7^ = J2^=d l^p '^here a < m < o + r and d < in. 

(3) Case C9) occurs and 7^ == /3^ + /3^. 



where d^+i '■— Po^ 
, r + 1} (where cq '■- 



-fl; 



Proof. Let 7^=X]i=i ^jP'i > which has a virtual coroot J^iLi ^jP'^ t)y Lemma [3.201 
We first assume c,, ^ 0. Set (c'^, ■ • • ,4^) := (ci, • • ■ ,c,,) — [^](1, • • ■ ,??)• Then 
we obtain anotlier virtual coroot X]j=i Cj/3/ of 7^, by noting that J2]=iJl^j is a 
virtual coroot of 0. We claim c'- — 1 < c'-^^ < c' for each i (where Cq := 0) and 
show this by discussing all possible coroots with respect to the type of A. 

When A is of ^-type, clearly it is done (by noting (c'^, • ■ • , c^) = (ci, ■ • • , c,,) = 
(0, • • ■ , 0, 1, • ■ • , !))• When A is of i:>-typc, cither C2) or C3) will occur. For the 
former case, we have rj ~ n and c,i_2 G {Ij 2}. If c„_2 = 2, then we have c„_i = 1 
and (c'l,--- ,c'^) ^ (ci,--- , c„) = (0, • • • , 0, 1, • • • , 1, 2, • ■ • , 2). If c„_2 = 1, then 
7V = ^v _^_ Y,\,^^ P^ for some a<n-2<b<n-l. Hence, (c'l, • • • , c^) = 
(ci, •■•,€„) = (0, ■ • ■ ,0, 1, • ■ • , 1, 1 + 56,n-i,2). Thus our claim holds. For the 
latter case, we have 77 = 4 and can show our claim with similar arguments. When 
A is of i?-type, there are only finite coroots which are listed in Plate V, VI and VII 
of [6]. In this case, our claim still holds by direct calculations. 

When A is of type i3„ (resp. C„), then our claim follows immediately from Plate 
III (resp. II) of [6], except for the following coroots. 





CI) for type B„ 


CI) for type C„ 


7^ 


P^+2 E /3p^ (l<*<n) 


E /3p+2 E /3p^ il<^<J<n) 



However, none of the above coroots satisfies our condition: 



r) = (2p,7^)-l- 



Indeed if they satisfied this condition, then for the former case we would have 
(/3i,7^) = 2 > 1, contrary to Lemma [3.81 For the latter case, we denote 7^ = 
E,;<p<fc Pp + 2 Efc<p<„ /3p^ for J<k< n. Note that 7/ = 7^ and (/3fc, 7,Y) > for 
all k. By LemmaEH we have 7/+^ = 7/ - /3/ and e{s^^^,) = {2p,-fJ^^) - 1. Thus 
by induction we conclude i{sj^) = (2p,j^) — 1. However, {Pmln) = {Pml^n-i + 
2/3n) = 2 > 1, contrary to Lemma 13.81 again. Hence, our claim holds in this 
case. When A is of type F4, which is the remaining case we need to consider 
since r > 2, case CIO) or C9) must occur. When CIO) occurs, our claim follows 
immediately from Plate VIII of [6] and Table IH When C9) occurs, we denote 
M := max{ci,C2,C3,C4}. If M > 1, then there are 14 coroots in total (see Plate 
VIII of 15), only five coroots among which satisfy our condition on the length. 
Explicitly, (ci,C2,C3,C4) = (1,2, 1,0), (1,2, 1,1), (1, 2, 2, 1), (1, 3, 2, 1) or (2,3,2,1). 



If Af = 1, then 7^ 






for some 1 < a < 5 < 4. Clearly, our claim follows. 



except for the coroot 7^ = /3^ + /3^ 



Note that Ap c {A," 
whenever j < a or j > 



, /3r;-i}. We conclude /3j is a virtual coroot of 
1. In particular, we set Ci 



r+l 



"o+i 



for each 



< i < r + 1. Then we obtain a virtual coroot 7^ = Ep=i ^p^"^ of 7^ satisfying 
Cp — 1 < Cp_i < Cp for each p, whenever c,, 7^ except when case (3) of our state- 
ments occurs. Furthermore, we note that Cr+i < r + \ and if "=" holds then we 
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must have 7^ = Sp=iP^p j which is still a virtual coroot of 0. In this case, we just 
replace 7"^ with = Y.lt\ ' "p • 

Now wc assume c^ = 0. Note that Dyn{{Pi, ■ ■ ■ ,/3^_i}) is of A-type and that 
o + r + 1 < 77. Thus if is not a virtual coroot of 7^, then we must have 7^ — 
SpLd /^P fo'' some 1 < d < m < 7] — 1. Hence, one of the foUowings must hold: 
(i) 771 < o; (ii) m > o + r + 1 and d < o; (iii) m > o + r + I and d > o; (iv) 
o < m < o + r. If either (i) or (ii) held, then would be a virtual coroot of 7^. 
If (iii) holds, then X]p=d /^^ i^ a virtual coroot of 7^, so that (1) of our statements 
holds. If (iv) holds, then (2) of our statements holds. D 



Proof of Proposition \3.16[ Due to Lemma 13.171 we assume r > 2 and then use 

induction on £(s^). 

If i{s^) = 1, then 7 G A and consequently (L2) follows from Proposition [XTH 
Now we assume 7 G i?+ \ A. Take any 1 < j < n with (aj,7^) > 0. Write 

P = Sjil), 9r{qfi^) = (Ai, • ■ • , Ar+i),min{.gr(si) | (x*,/?^) 7^ 0} = ec and 

ariqo) + gr{usj) = gr{u) + (ai, • • • , a^+i), 
gr{qpy)+gr{uSjSi3) = .gr(uSj) + e^ + (mi,'" ,Mr+i), 
gr{uSjSpSj) = grius^sp) + (5i, ■ • • ,fer+i). 

Thus we have gr{q-yy us-y) = gr{u) + ec + YZ,=i {O'p + ^p + fJ-p)^p: taking the summa- 
tion of the last three equalities. Due to Lemma 13.81 and Lemma 13. 9[ we conclude 
min{.gr(si)|(xj,7^) 7^ 0} = mm{ec,gr{sj)} and (^1, ■ • • ,^^,+1) < by the induc- 
tion hypothesis. Furthermore, we have (oi, • ■ • , a^+i) < gr{sj) by Proposition l3.14l 
We first make several observations as follows. 
(Obi) Assume e^ < gr{sj) and (a, a^^) ~ for all a G Ap. Then (5i, • • ■ , 6,.+i) = 

— Gr+i = —gr{sj) (by Lemma [3?2|l . Consequently, (L2) follows. 
(Ob2) Assume j = 1. Then we have e^ < gr{si), (bi,--- ,6^+1) ~ ~gr{si) by 

Proposition 13. 41 and consequently (L2) follows. 
(Ob3) Assume 2 < j < r and Be < Bj. Then gr{qj) — {j + l)ej — {j ~ l)ej_i. 
Write gr{u) = J2p=i ^p^p ^^d gr^usjsp) = J2p=i kpGp. Note that i{usj) = 
£{u) — 1 and iiusjSpSj) = (.{usjSf^) — 1. By Proposition l3.4[ we have 

(ai, • • • , a^+i) = (ij - ij-i - j)ej_i + (j + 1 + ij-i - ij)ej, 
(61, • ■ • , br+i) = (kj - fcj_i - l)ej_i + (fcj_i - kj)ej, 
kj = ij-i + /ij — Xj and kj^i = ij — 1 + Mj-i — ^j-i- 

As a consequence, we have (oi +61 + /ii,--- ,0^+1 -|- h^+i + Mr+i) = 

(yUi,--- ,flj^2,^J■3+M,flJ_l-M,flj+l,■■■ ,/ir+i), where M := Aj_i-Aj-j. 

Thus if 7\/ = and (yUi, • • • , /ij-2, Mj, Mj-i) < (0; ' ' ' 7 0); then (L2) follows. 

Now we begin to discuss all possibilities for 7^, using Proposition 13.221 

When case (1) of Proposition 13.221 holds, there exists a virtual coroot 7^ = 

X]p=i ^p^p of 7^ such that c,+i < r and Cp — 1 < Cp_i < Cp for each p (recall 

that dp :~ Po+p and cq ~ 0). Clearly, if a): c^+i = 0, then all Cp's are equal 

to 0. If b): 1 < Cr+i < r and any two non-zero Cp and Cp' arc distinct, then we 

have X]p=i Cpfip = X^pLi P'^r-m+p where < to < r. Otherwise, we have c): 

1 < Cr+i < ^ and there exist distinct p < p' such that Cp = Cp' ^ 0. This must 
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imply Cp = Cp+1 since (ci, • • • , Cr+i) is a non-decreasing sequence. Corresponding 
to these three cases, we have the following conclusions. 

a) (ci,--- ,Cr+i) = (0, ■ • • ,0). Then wc have ^^^(g-yv) ~ and grr{us^) = 
grr{u) by Lemma [3.21 Thus (L2) holds by Lemma [3. Ill 

b) 7^ = X^nLi P^r-m+pi wlicrc < TO < T. Hcncc, wc have grr{q^'^) = 
grriqjv) = (m-r) J2l=r-,n^p (^Y LemmaEHH]) and (0^,7'^) = (dp, 7"^) = 
for p S {1, • • • ,?'} \ I?' — TO,}. By Proposition 13. 1[ we have grr{us-y) < 
grr{u) + (r — m) X]n=r-m ^p- Thus (L2) holds by Lemma [3. Ill 

c) In this case, we can take j := min{p | 1 < p < r,Cp — Cp+i 7^ 0}. That 
is- Z^pti Cpdp = TOdj+i + I]^iPdj-m+p, where 1 < to < j < r. As a 
consequently, we have (q;j,7^) = {aj,j^) > 0, /3^ := 7^ — dj is virtual 
coroot of /3^(= 7^ — aj) and Gc < e^. If j = 1, then it is done by 
(Ob2). If j > 2, then wc use (Ob3). Note that grr{qi3v) = gr^iqav)- 
By using Lemma EtH we conclude (Ai, • • • , \j-2) = (to - j) X]p=j-m ^p, 
Aj_i = (to.— j) — (— j + 1) = m — 1 and \j = in[j+l)—inj — [j+l) = m—l—j. 
Hence, M = Aj„i — Xj — j = 0. 

By the induction hypothesis, we have X]p=i Mp^p ^ 0- If "<" holds, it is 
already done. If "~" holds, we have fii = ■ ■ ■ = /ij-2 = and consequently 
Mj-i < 0- Write gr{us^) = {ki,--- ,fcr+i), griq^^) = (Ai,--- ,Ar+i) and 
gr{usj) ~ (zi, • • • ,ir+i)- Then Ap + fcp = Zp + fip, Xp ~ Xp, ip = ip and 
kp — kp for 1 < p < j - 2. Hence, (A:i, ■ • ■ , fcj-2) = (*i, ■ ' ' 1 *j"-2) + (j — 
™) Ep^j-™ ep. Since («p, 7^) = (dp, 7^) = for all p e {1, 2, • • • , j - 1} \ 
{j - to}, wc conclude (fci, • ■ • , fcj-i) < (ii, • ■ ■ , ij-i) + (j - to) Ep=j-m ^P' 
by using Proposition l3.1l with respect to (A, Ap) with Ap = (ai, • ■ • , a^-i). 
Thus we have fcj-i < ij-i + (j — to). Since t{usj) = £{u) — 1 and 
£{usj) = £{usjSpSj) = (.{usjsp) — 1, we have ij = ij-i and /cj-i = /c^ — 1. 
Hence, fij — kj + Aj — ij — fcj_i + 1 + (to, — 1 — j) — ij_i < 0. 

Therefore, wc conclude (/ii, • • ■ ,/ij_2,MijMi-i) !i (0, ■ • • ,0) and conse- 
quently (L2) holds by (Ob3). 

When case (2) of Proposition l3. 221 holds, we have 7^ = El^d Pp where o < m < 
o+r and d < m. If to, = o, then d < o; consequently, we take aj = (3d and use (Obi). 
If TO = o + 1 or d = o + 1, then we take j = 1 and use (Ob2). Otherwise, we have 
either d<o<m~o + j or o + j = d<m<o + r, where 2 < j < r. Then we take 
such j and use (Ob3). Note that /9^ = 7^ — aJ and Gc < e^. For the former case, we 
have Aj_i = j — 1 and Aj = —1; for the latter case, we have Aj_i = and Aj = —j. 
Hence, we always have M = Aj_i — Aj — j = 0. By the induction hypothesis again, 
we have J2p=i f^p^p ^ 0- K "<" holds, it is already done. If "=" holds, we have 
fii = ■ ■ ■ ~ /Xj_2 = and consequently /Xj_i < 0. For the former case, we conclude 
/ij_i = and consequently /Xj < 0, by noting > /ij_i = A;j_i + (j — 1) — (ij — 1) > 0. 
For the latter case, we have fij — kj — ij_i -f- (— j) < 0. Hence, we always have 
(/ii, • ■ • ,/ij_2,Mj:Mj-i) < (0, ■ • • ,0). Thus (L2) holds. 

It remains to consider the case when (3) of Proposition 13.221 holds . That is, C9) 
occurs and 7^ = /^a^ + /34 . Then we just take aj ~ 13^ and use (Obi). Thus (L2) 
still holds. D 
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3.4. Two consequences. In this subsection, we derive two propositions with the 
help of our notion of virtual coroot. 

Proposition 3.23. Let u e W^ and I < j < r. Then a"" * ct"^ = a"""^ + 
J2w.\ ^w.xqxcr"" with gr{qxw) < gr{usj) whenever b^^x ^ 0. 

Proof. Clearly, i{usj) = £{u) + 1. Thus Nu,JJ = {xj, aP = 1 by quantum Chcval- 
ley formula (Proposition 12.2] ). We need to analyze the remaining non-zero terms. 

If £{us-y) = i{u) + 1 and (xj:7^) 7^ 0, then we have gr{us^) < gr{u) + gr{sj) 
by part a) of the Key Lemma. Note that gr(usj) = ej + £(u)e,.+i. If the equality 
holds, then we have us^ — vsj where £{v) = £{u) and v G W^ . By Lemma 
12.51 an expression of u G W^ is obtained by deleting a simple reflection from a 
(fixed) reduced expression of vSj. Note that this simply reflection cannot come 
from V. (Otherwise, we denote by v the element obtained by deleting such simple 
reflection from v. Then u ~ vSj and we would deduce a contradiction, saying 
1 + £{u) = £{usj) = £{v) < £{v) = £{u).) Thus u = v. 

If £{us^) = £{u) + 1 — (2p,7^) and {xj^l'^) ¥" Oj then we have gr{q~^vus^) < 
gr(u) + gr{sj) by part b) of the Key Lemma. Fm'thermore, we have £(usa) = 
£{u) — 1 whenever (a, 7^) > 0, by Lemma [3.81 and Lemma [3.91 Since u € W^, 
i{usp) ~ £{u) + 1 for any ap E Ap. If the equality held, then we would deduce a 
contradiction as follows (mainly by finding a G Ap satisfying (01,7^) > 0). 

Note that £{sj) > 1 (otherwise, wc would conclude j = aj G Ap). 

We first assume r > 2 and write gr{us^) = [ki,--- ,kr+i) and gr{q~f'j) = 
(Ai, ■ • ■ , Ar+i). Since the grading equality holds, we have fcp + Ap = 5p^j for each 
1 < p < r. As before, we discuss all possible coroots by using Proposition [3221 

When (1) of Proposition 13.221 holds. 7^ has a virtual coroot 7^ = X]p=i CpCtp 
satisfying one and only one of the foUowings (from the proof of Proposition I3.16[) . 

a) (ci, • • ■ , Cr+i) = (0, • • • , 0). In this case, we have grriq-y"^) = and grr{us-y) 
= grriu). In particular, we have kj = Xj = 0, deducing a contradiction: 
1 = Sj^j = kj + Aj = + 0. 

b) 7^ ~ X^pLi poi-r-m+p, where < m < r. Then wc have grriq-y-^) = 
grriq^) = {m-r)YJp=r-ni^p ^'^'^ ("p-T^) = for p G {1, ■ • • ,r}\{r-m}. 
Note that gr,._m_i(g^v) = and grr-m-iius^) = grr-m-i{u) ~ 0. If 
i < r — ?Ti — 1, then we would deduce the contradiction 1 — 6jj = kj + 
Xj =0 + again. If j = r — m, then we still deduce a contradiction: 
1 = Sj^j ~ kj + Xj = kr-m + m — r < 0. Hence, we conclude j > r — m. 
Then we have r > j > j — I > r — m > and (q;j,7^) = 0. Thus 
we have kj — 6jj ^ Xj = 1 + /■ — m, kj^i — 6jj-i — Aj_i = r — m 
and consequently kj — kj^i + 1. Hence, we have £{us^Sj) = £{us^) — 1 
by Proposition 13.41 Then by Lemma [2.51 wc conclude us^{aj) G — -R^, 
contrary to us~f{aj) = u{aj) G R~^. 

c) Ylp=i ^pOip = mai+i + X]"=iP<^j-"i+pi where 1 < m < i < r. Then we 
have (ai,7^) = {ai,j'^) > and therefore deduce a contradiction. 



When (2) of Proposition[321|holds, we have 7^ ~ '}l^=dPp where < m < o+r 
and d < m. Since (xj, 7^) 7^ 0, we conclude m > o + r. Thus we find a — /?,„ G Ap 
that satisfies (a, 7^) > 0. Hence, we deduce a contradiction in this case. 
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It remains to consider the case when (3) of Proposition [3^221 holds. That is, C9) 
occurs and 7^ ^ f3^ + /3^ . In this case, we note r ~ 2 and deduce a contradiction, 
saying —4 = A2 = S2,j — ^2 > — 2 = —2. 

Hence, our assumption that the grading cquahty holds is not true, when r > 2. 

Now we assume r = 1. Then aj = ai and we have Ai = (q!i,7^) by Corollary 
13.131 If Ai > 0, then we find a contradiction by taking a = ai E Ap. If Ai < 0, 
then gri{qjyusj) < + fci < 1 = gri{usi) and consequently the grading equality 
does not hold. If Ai = 0, then ki = gri{us~^) = gri{u) = and consequently we 
deduce the contradiction 1 = 6j,i = fci + Ai = + 0. 

Due to quantum Chevalley formula, we have discussed all the non-zero terms for 
the quantum product a"" -k a^^ . Hence, the statement follows. D 

By Theorem 11.21 we obtain a filtered- algebra structure on QH*{G/B), which 
induces an associated graded subalgcbra along the Ze^+i direction. Thanks to the 
Peterson- Woodward comparison formula and our definition of gr{qj)''& (with the 
help of PW-lifting). we wish to obtain an algebra isomorphism between QH*{G/P) 
and (at least a subalgcbra of) this graded subalgcbra. For this it is necessary 
that the gradings of ■(/'a,Ap(1, '7Ap)'s, which are canonical candidates in QH*{G/B) 
playing the role of the polynomials q\p's in QH*{G/P), are in Ze,.+i. Indeed, the 
Peterson- Woodward comparison formula, together with our definition of gr((7j)'s, 
has shown that 5r-r('0A,Ap(li 9Ap)) = whenever q\p S QH*{G/P) occurs in the 
quantum product a'" -kp a"" for a'",a^ G QH*{G/P). However, apparently it does 
not tell us about the behavior when the degree of q\p is large. Therefore we need 
the following proposition for later use. 

Proposition 3.24. grr('0A,Ap(l, ^Ap)) ~ whenever q\p G QH*{G/P). 

The idea of the proof is as follows. We write ipA,Ap{^,qxp) = QXb^p^' ^^ before. 
The case when r = 1 is easy to handle. When r > 2, we can use our notion of virtual 
coroot to obtain A^ and consequently topuj' and grr{q\g). More precisely, we write 
Ap = A' -I- Qp with A' = J2a^A '^aCt. Consider a virtual coroot A' of A', then we 
can easily write down the element A' + Y7i=i ^i^i associated to A' + Qp G Q^ IQp^ 
where Qp := 0[^i ^ct/- For instance the case of m/3Q_^_,._|_;^ + Qp has been studied 
in Lemma l3.18l By our definition of virtual coroot, we conclude A' -I- X]j=i o.iOL( is 
the element that we expect. In addition, we also show a^'s are indeed non-negative 
so that 9A'+5:r=i «."r e QH*{G/B). 

Proof of Proposition [X^ Write V'A,Ap(l, 'ZAp) = IXb^p^'- When r = 1, we have 
gri[q\g) = (q;i,Ap) =: fci by CoroUarv 13.131 Thus fci G {0,-1} following from 
the definition of Xp- If fci = 0, then Ap/ = {ai}, implying uj' ~ si = ujp and 
ujpuj' = 1. Thus gri{q\g) + gri(wpw') = 0-1-0 = 0. If, ki = —1. Then we have 
Ap/ = 0, implying wpcj' = ,si • 1 = si. Thus gri{q\g) 4- gri{ujpui') = —1 + 1 = 0.. 
Hence, the statement holds when r = 1. 

Now we assume r > 2. We consider the virtual coroots and introduce some 
special elements in Q^ first. Denote /im = SfeLi ^P^+r+i—m+k- Whenever o > 
we denote Vm = Z^fe^o (™ ~ ^)K+k *iid g = X^fcto^ Pk where 1 < m < r + 1. 
By direct calculations, we conclude gr^i^qx) — and {ai,x) = for all 1 < ^ < '' 
whenever x = /ir+i, '^r+i or g. That is, /x^+i, i^r+i and g are all virtual coroots of 
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e Q^. Furthermore for 1 < tti < r, we have 

.9^r(9i.,„) = -™V. e^+V (m-fc)((fc+l)efc-(fc-l)efc-i) = -mV e^, 



and grriQf,^) = -(r + 1 - m) J2l=r+i-rn ^fe (^Y Lenima[SHl). 

Write Ap = A' + Q^ with A' = Y.°=i bjPj + E"=o+r+i ^jPj- From Table S 
we obtain a virtual coroot A' = X]^=i ^j/^/ ^f A' in which we note bg = bo and 
o + r + 1 < 77. li bo < bo+r+i, we set y = boQ + afJ-r+i + Mm where /io := and 
bo+r+i ^ bo = a{r + 1) + m with < ?Ti < r and a > 0. Similarly if bo > 60+r+i, 
we set y = bo+r+iQ + avr+i + Vm where vq := and bo — 60+r+i = a('' + 1) + m 
with < ?Ti < r and a > 0. Clearly, we can write y ~ boPo + bo+r+iPo+r+i + 
E[^^ diiii. Note that /?p is a virtual coroots of £ Q^ whenever p < o or p > 
o + r + 1. Thus we conclude y is virtual coroot of A^ := A' + X]i=i('^i ~ bo+i)ai. 
Furthermore, we note that for all at G Ap we have {ai^Xs) = {o:i,y) = {(Xi,x) = 

{ 0' otherwise" '^' °''"^^~'" where a; = Vr,^ (resp. Urn), if 60 > W+i (rcsp. 

bo < &o+r+i)- Hence, As is the very one associated to Ap that we are expecting. 
Correspondingly, we can directly write down Ap> as well as gr{ujpuj') = —grr{qx) 
by Lemma 13.61 Note that grriqxs) ~ gi'r{<lx)- Hence, grj-iqxgUjpuj') = 0. 

Since qxp £ QH*{G/P), bj > for each j. It remains to show qx^ e QH*{G/B). 
That is, we need to show di — bo+i is non-negative for each 1 < i < r. Clearly, 
only the part X]j=o+r+i bjl^J of A' make contributions for the part X]I=i bi$o+r of 
the coroot A' of A'. From Table H] we see that bo+i < foo+2 < • • • < &o+r+i- Thus 
if bo > bo+r+i, then we have di — bo+i ^ bo — 60+r+i > for each 1 < i < r. 
Now we consider the case when (0 < bo =)bo < bo+r+i and then note that all 
dj's are non- negative from the way we obtain them. From Table |4] and Table [21 
we can make the following observations, (i) If case C1),C9) or CIO) occurs, then 
the virtual coroot A' does not make contributions on these bo+i's. That is, we 
have di — bo+r ^ di > for each 1 < i < r. (ii) For the remaining cases, we 
have bo+i = ■ • • = feo+r-i = < 2bo+r < bo+r+i, except for the case when C4) 
occurs with r > 5 and o + r = 7. (iii) For the only exceptional case, we have 
bo+i = bo+2 ~ ■ ■ ■ ~ b^ = 0, be = bs, bT ^ 26g and &§ = S^s > 0. Recall 
that J2l=i diPo+i = boQ + apr+i + ^J■rn - (boPo + bo+r+iPo+r+i) in which bo+r+l = 
bo + a{r + 1) + m. When (ii) holds, we have dr — bo+r >bo + ar + (m — 1) — bo+r > 
&o + ar + m-l-[%±i] > ar + 77t - 1 - [ ^°+'-+^~^° ] = ar + m - 1 - [ °^''+^^^+'" ] > 0, 
and note di — bo+i ~ di > for 1 < i < r — 1. When (iii) holds, we have 



bs >0 + a(5 + 1) + so that a < ^. Since a is an integer, a < [^]. Thus we have 



dr - bo+r > bo + ar + m-l-2bs = bs-a-l-2bs = bH-a-l>bs-[^] -1>0 
and dr-i —bo+r-i > bo + a{r— l) + m — 2 — feg = 63 — 2a — 2 — 68 = 2(63 — a— 1) > 0. 
For 1 < i < r — 2, we have di — bo+i ^ di > 0. Hence, we do show di — bo+i > for 
1 < i < r for all cases. D 

Remark 3.25. In [18| . Lam and Shimozono have given a combinatorial description 
of Xb- In our case when Ap is of A-type, we obtain another way to describe Xb 
and to show the property qxg G QH*(G/B) in the above proof. 
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3.5. Proof of the Key Lemma for general Ap. In this subsection, we assume 
Ap is not of ^-type. We give the proof of the Key Lemma, after describing the 
formulas for the gradings of aU g^'s. Recall that <j = r — 1 and in this case we have 
replaced r with <; in Table [2l in order to fix the order (Ap,T). In particular, we 
have K = o + c; in this subsection. 

Using Definition 12.81 with respect to the ordered subset A^ — (ai,--- ,a^) of 
(Ap, T), we obtain a grading map 

gr ^ gvA, -.W xQ"" — > Z'^+K 

That is, we define gr{w) = X]7=i ^(^'j)^j using the decomposition w = v^-^-iv^ ■ ■ ■ vi 
oi w € W associated to ordered subset A.^ = (ai,--- ,a<;), define gr{qi) = 2ei 
and define the remaining gr^qjYs recursively with the help of PW-lifting {'0A2.Ai, 
'0A3.A2J ■ ■ ■ J V'Aj.A^^i, V'A.A^}- Let L : U^'^^ = Z*" ^-> 17''^^ be the natural inclusion. 
Thus we obtain a map b o gr : W x Q^ — > 1/^^ , which we simply denote as gr 
whenever there is no confusion. 

As a direct consequence of the definition of gr, we can apply Proposition 13.1(71 
and Proposition 13. 121 with respect to the ordered subset A^, so that we have 

Lemma 3.26. gr{qj) = gr{qj) for each 1 < j < "^ + 1- Precisely, gr(qi) = 2ei; 
gr{qj) = (1 — j)ej_i + (1 + j)ej for 2 < j < <;; gr{q^+i) is obtained by directly 
replacing r with <;. (Only case c), d), e) or f) in Table\^ can occur.) 

Furthermore we note from Tabic [2] that either a > I or k + 2 < n must hold. For 
any a e A \ (Ap U {^o,/3k+2}), we have gr{qa^) = 2er+i < 2e^+i = gr{qa^). For 
Ap e Q"^ /Qp, we write qx^ujpuj' = V'a,Ap(1, Ap) as before. 

Lemma 3.27. Suppose p £ {o,k + 2} D {!,- ■ ■ , n}. Set Xp ^ f3p + Qp. Then we 
have Xb = /3p except for either of the following cases. 

(1) p = a and {/3o} U Ap is of C -type. In this case, Ap = /?o + E^i "^T- 

(2) p = K + 2 and C9) occurs. In this case, Ap — /3^_|_2 + ^^r-i + "^r- 
Furthermore, we write gr{qp'j) ~ X]^=i ^j^j and gr{q^v) = X]^=i ^j^j' '^^^ denote 
Ap = {a G Ap I (a, /3p ) = 0}. Then dj = dj for 1 < j < ^ and we have 

a) g?'(g/3^) < griqf!^); b) dr+1 < i{ujujp) + 1; c) 2^ .^^ dj < -l{ujpujp). 

Proof. Let 6p = X]^=i '^j'^j denote the highest root in Rp. Note that £{ujpojp) ~ 
\Rp\ - \Rpl ■^('^wp) = \R+\- \R-^\ and Ap. = {a e Ap | {a, Ap) = 0}. 
We first assume p = o and note that gr{qi3y) — [<, + 2)e5_|-i — X]i=i ®j- 
Whenever {j3o} U Ap is not of C-type, we note (Table [2] and [12]) that ai = 1, 
(ai, /3^) = —1 and (ofj, /?q ) = for 2 < j < r. Hence, we conclude Ap = (3^ , Apr = 
Ap = Ap \ {ai} and consequently we have ui' = up and gr{qi3^) = (^(wpw') + 
2)e,.+i — gr{ojpoj'). Hence, dr+i = l{u!pu}') + 2 < l{ujijjp) + 1 by direct calculations. 
Write Lopu}' = v^u, where Vr G Wp^ and u ~ Wp^. Then we have u{aj) G Rp 
for all aj G A^; n Ap' = A^; \ {ai} (otherwise, we would conclude Vru{aj) G —R~^, 
contrary to cuput' G Wp ). Noting u{ai) G —R'^, we deduce u = Sk- ■ ■ S2Si for some 
1 < fc < <r, by Lemma F3. 61 If Ap is of S-type (resp. D-type), then we conclude 
Lupuj' = VrSt; ■ ■ ■ Si with u,. = Si • • ■ Sr (rcsp. Vr =: si ■ ■ ■ Sr-2Sr) by easily checking 
such element satisfies the condition in Lemma [331 If Ap is of i?-type, we note that 
s^ ■ ■ ■ si{ar) = u{ar) + Yl]=k+i ^j'^3 f<-"" non-negative integers bj's. Consequently, 
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we have VrSc;- ■ ■ si G Wp and £{vrS^ • • • si) = £{vru) + (^ — k = £{ujp) — ^(cj')+<; — fc. 
Thus fc = ij by Lemma F3. 51 implying £{vr) = (.{ujpu') — <,. For all these cases, we 
deduce gr{ujpuj') — {l{ujpuj') — <^)e5+i + ^2^=1 ^j- Hence, dj = —1 for 1 < j < <;, 
dr = '^ — £{ujpLu') and gr{qpv) < gr{q[jv). Thus X]i-=i '^j ~ —£(u)pui') = —£(ujpujp). 

Assume {/3o} U Ap is of C-type, in which case there are only two possibilities 
saying (i) case CI) with A being of C-type and (ii) case CIO) with r = 2. Then Ap 
itself is of C-type. Thus we have ({urputp) = r^ — {r — 1)^ = 2r — 1 and £{ijjujp) = 
n? — r^ > (r + 1)^ — r^ = 2r + 1. Furthermore, we conclude As = /3^ + Y7j=i Q^Jj 
by noting such element satisfies (aj^Xp) = for each 1 < j < r. Thus Ap' = Ap, 
uipco' = 1 and then gr{qp'^) = {2(, + 4)e^+2 — (<^ + 2)e<j-|_i — X]j=i ^j t'Y definition. 
In particular, we have gr{qpy ) < gr{qp^ ) , dr+i = 2<; + 4 = 2r + 2< ^(wwp) + 1 and 
Ej=i dj - dr - <r = -2^ - 2 = -2r < -£(wpwp). 

Now we assume p = k + 2, which holds only if case C5), C7), C9) or CIO) in Table 
[H occurs. Note that gr{qi3v ) = 2e<;+i. If C9) does not occur, then we conclude 
ar = 1, {ar,(3^+2) = -1 and (aj,/3;^+2) = for 1 < j < <r. Hence, As = /S^^^^ 
Ap/ = Ap = A^ and consequently we have gr^qi^v ) = [£(u!pujp) + 2)e^_|_2 — 
£{LdpUjp)e^^i. Therefore, a), and c) follow, so does b) by direct calculations. If C9) 
occurs, then \R+\ = 24, \R+\ = r^, |Ap| = lil+ll^ n === 4 = k -I- 2 and r e {2, 3}. 
By direct calculations, we conclude Xp ~ 1^4 + ctr-i + '^r- Furthermore if r = 2, 
then Ap' = Ap and consequently we have gr{q^v) = 6e<;_|_2 — 4e,;+i. If r = 3, then 
Ap/ = {a2,CK3}- Consequently, LUpLo' ~ S1S2S3S2S1 with gr{ijjpLo') ~ (1,1,3,0). 
Hence, we have gr{qi3v) = lle^_|_2 — 9e^+i. For either of the cases, it is easy to 
check all the statements hold. D 

From the above discussions, we note that gr^{qj) = gr^(qj) for all j. Using these 
discussions together with Lemma |3. Ill we obtain the following immediately. 

Lemma 3.28. Let 7 e i?+. Write gr{qjv) = X]f=i '^j^j and gr{qjv) ~ X]^=i d-j^j. 
Then we have dr + dr+i = dr + f^r+i = d,- and dj ~ dj for each 1 < j < <;. 
Now we give the proof of the Key Lemma as follows. 

Proof of the Key Lemma. Let w G W and take its decomposition w ~ Vr+i ■ ■ ■ vi 
associated to (Ap,T). Suppose £{wsj) < £{w), then by Lemma [2.51 we conclude 
ws^ = Vr+i ■ ■ ■ Vm+iVmVm-1 • ■ ■ Vi for a uuiquc 1 < TO < r -|- 1, iu which Vm is 
obtained by deleting a unique simple reflection from (a fixed reduced expression of) 
v„i. Set D := (^gr{wsj) — gr{w)^ — ((fr(ws^) — gr{w)). If 1 < 771 < r, then we have 
D = and 7 g Rp. Furthermore, we have gr{q^) = gr{q^) and gr{si) = gr{si) 
whenever (xii7^) 7^ 0. In particular, the Key Lemma holds for such 7, by using 
Proposition 13.151 and Proposition 13.161 with respect to the ordered subset A,;. If 
m = r + 1, we write Vr+iVr = Vr+iVru' with Vr+i S W^ , Vr € Wp'^ and u' G Wp^. 
Thus ws^ = Vr+i ■ ■ -vi with Vj € Wp'~^ for each 1 < j < r -t- 1. 

In order to show a), it remains to consider the case when m = r + 1. Set 
w :— us^ and note that gr(usj) = ^2^=1 ^i'^j)^j + (^(^r) +^(fr+i))er. Thus we 

have — D = (^(Wr+l) — ^('i'r+l))er+l -I- {£{Vr) — £iVr) — £{Vr+lVr) + £{Vr+lVr))er ~ 

{£{vr+i) — £{vr-i-i)){er+i — Br) < B^+i — e^. Notc that 7 G i? \ -Rp (by Lemma 
12. 7p . Therefore we have gr{us-y) — gr{u) = —D + (gr{us^) — gr{u)) < e^+i — e^ + 
min{.g>(si) | (xi,!"^) 7^ 0} = e,.+i = inm{gr{st) \ (xj,7^) t^ 0}. Thus a) follows. 
To show b), we set w := u in the rest of the proof and use induction on £{sj). 
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First we observe that gr{qj) + gr{usj) < gr(u) + gr(sj) for any I < j < n. 
Indeed, this inequahty holds if 1 < j < r with the discussion in the beginning. 
If {a, a]-) = for aU a G Ap, then for 7 = aj we have m = r + 1, T'r+i £ W^ 
(by Lemma 13. 2p and consequently gr{usj) — gr{u) ~ —6^+1 = —gr{qj) + gr{sj). 
Otherwise, we much have aj = (3p with p e {o, k + 2} n {1, • • • , n}. Then the 
inequality still holds by using Lemma [3. 291 a) (with J ~ f3p) and Lemma [3. 271 c). 

Now we assume 7 ^ A. Take any simple root aj satisfying {aj^^^) > 0, and 
write /3 = 3^(7), gr{qpv) = (Ai, • • • ,Xr+i),rain{gr{si) \ (x*,/?"^) 7^ 0} = e^ and 

griq/} + griusj) = gr{u) + (ai, • ■ • , a^+i), 

gr{qpv)+gr{uSjSfi) ^ gr{uSj) + ec + (mi,--- ,Mr+i), 

gr{uSjSpSj) = gr{uSjSfj) + (5i, • • • ,6^+1). 

In addition, we use the notations c, dj's, 6j's and /ij's, whenever replacing "gr" 
with "(tt" in the above three equalities. Then we have imn{gr{si)\{xi,^'^) 7^ 0} = 
min{ec, gr{sj)} and by the induction hypothesis (^1, ■ • • , Hr+i) < (0, • • • , 0). Due 
to Lemma 13.111 it suffices to show X^i^iC'^i + ^i + ^J■^)^^ "£ 0- Furthermore, we note 

that Or+l = br+l = Ih+l = 0, fir+fJ-r+l = f^r, Bg > Be and Ofe = flfc, 6fc = 6fc, /ifc = /ifc 

for each 1 < A; < <;. Clearly, either of the foUowings must hold. 

(i) There is /3p € A such that p G {1 • • • ,n}\{o,K+l,K + 2} and (/3p,7^) > 0; 

(ii) whenever /3p G A satisfies (/3p, 7^) > 0, we have p e {o,k+ 1,k + 2}. In 

this case, we note the constrain £{s^) = (2p, 7^) — 1 on 7, which is deduced 

from our assumption by using Lemma 13.91 

Suppose (i) holds. Then we just take any one such aj = Pp. If p ^ {o, o + 

1, • • • , K + 2}, then (a, a^) = for all a G Ap; consequently, it is done by noting 

O'k = bk = for 1 < A; < r (using Lemma 13. 2|1 and Gc = e^+i. Otherwise, there 

exists o+l<p<o + (, such that (/3p,7^) > 0. Recall that ai = Po+i for each 

1 < i < r. For any one choice aj = /3p among such roots, we always have ai = hi = 

for j ^ {j-1, j} and consequen tly J2 l=^+i (ai+fe»+M»)ei = J2l=j+i Mje^. In addition 

from the proof of Proposition I3.16i we can always take a certain aj = (3p among 

such roots such that both eg < e^ and ^21=1 (^i + ^i + Mi)®i ^ hold by considering 

gr. Since j < r — 1, we have di = a^, 5; = fe; and fli = /i^ for each I < i < j- Thus 

for such a choice aj = f3p, both Gc < eg < e^ and X^i^il^^j + bi + fJ,i)ei < hold. 

Hence, the Key Lemma holds for such 7 by using the induction hypothesis. 

Suppose (ii) holds. Then the constrains are so strong that there are only very 
few roots. We discuss all such roots with respect to each type of A and label the 
method we will use. 

Assume A is of B-type. (That is, part of case CI) in Table 1 occurs.) There 

arc only two coroots satisfying the conditions, saying Pg_i + 2 Y^"Zo Pi + Pn (with 

o > 2) or YTi=o P7- (See the proof of Proposition E21) 

(Ml): For the former coroot, we note that Ap = {a G Ap | (a, 7^) = 0} = A 

and gr{q-yv) = J2l=i ^i^i ~ ^'+1 ^y direct calculations. Hence, J2l=i ^i = 

= —£{ujpujp). Thus the inequality holds by using Lemma 13.291 a). 

(M2): For the latter coroot, we take aj = Pn] that is, aj = a^. Then /3^ = 7^—/?,^ 

and(7r(g^v) = dr+ier+i— 7'er+<re^. ^liie gr{v) = («i,--- ,ir+i),gr{usr) = 

(«i,--- ,i'r+i),gr{usrsp) = (fci,--- ,kr+i) and gr{us^) = gr{uSrSj3Sr) = 

(fcj, • ■ • , K^i). Noting that {at, a]'.) = {at,l3'^) = for 1 < t < ^ - 1, we 

conclude at = bt = ^J-t = for i < <r — 1 by Lemma 13.21 and consequently 
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/^<; < by the induction hypothesis. Furthermore, we note that a^ + ar = 1, 
h^ + br = -1, a^ + b^ = -2^ + i[ - k + fc^ - fc? < 0. If a^ + b^ + n^ < 0, 
then it is done. Otherwise, we conclude i'^ ~ k'^ = <^ and ic^ = k^^ = fi^ = 0. 
Consequently, we have ar + br + fJ-r = fJ-r = /^<;+i f^ and it is done. 

Assume A is of C-type. (That is, part of case CI) in Table 1 occurs.) There are 
only one such coroots, saying 7^ = Y^'^=o(^i ■ Thus the inequality holds by (Ml). 

Assume A is of D-type. (Case C2) is used.) There are only two such coroots, 

saying /3^i + 2 j:^-^ ^^ + AT-i + f^^ (with o > 2) or EL"o' ^^ + Pn- For the 
former coroot, the inequality holds by using (Ml). 

(M3): For the latter coroot, we have gr{q^v) = 2rer+i + "^e^ — <,e^ by direct 
calculations. Using the notations of Lemma [3. 291 we conclude Yl\=i d-i ~ Oi 
Ap = {/3o,/3o+i, • • ■ ,/3„}, Si = {/3„}U{n=fc Po+^+Pn I 1 < fc < r~2} and 
S2 := {Po + Y.Zo+k A + /3n-i + /3„ I o + 1 < fc < 71 - 2} U {ELo A}- Note 
that n = o + r in this case. Hence, we have |Si| — |^2| =7" — 1 — (r — 1) = 
— X]I=i ^i- Hence, the Key Lemma holds for 7 = Y^^Zo l^i~^f^n ^y using 
Lemma [?^ b). 

It remains to discuss the cases when A is of either i?-type or i^-type. Since there 
are only finite exceptional types (among which only a few roots satisfy (ii)) and the 
arguments are similar, we leave the details in the appendix (see section [6]). 

Hence, the statement follows. D 

It remains to show the following, which was used in the proof of the Key Lemma. 

Lemma 3.29. Let u E W and 7 e i?+ \ Rp. Write gr[q^-j) ~ X^^ii ^i^i- Then 
Key Lemma b) holds, if either of the followings holds. 

a) J2]=i ^j — ~^{^P^p)^ where Ap := {a E Ap | (a, 7^) = 0}. 

b) J2'j=idj < IS1I-IS2I, whereEi := {a E Rp \ (0,7'^) > 0} and S2 := {a E 
R^\Rp I a-7 e i?+, (a, 7^) > 0} with Ap := ApU{a, E A \ {x^, 7"") ^ 0}. 

Proof. Let u = Vr+i • ■ • vi (resp. us.y = Wr+i ■ ■ ■ vi) be its decomposition associated 
to (Ap, T). Since 7 E i?+ \ Rp, we have iRin{gr{si) \ {xiil'^) 7^ 0} = e^+i. Note 
that gr^{qxw) = gr^{q\w) for any q\w. Applying Proposition 13. 161 with respect to 
A^, we have X]^=i(^i + ^i^j))^j — S^=i ^{vj)ej. If "<" holds, it is already done. 
If "=" holds, we conclude X]f=i ^j + ^{vr-i • • • wi) = ^(iV-i ■ ■ -vi). Due to Lemma 

Em we have E'^tlidj + ^(«j)) = (2p, l'') + ((us^) -= 1 + e{u) = 1 + E]tl K^i)- 
It remains to show dr + i{vr) < i{vr)., or equivalently to show £{vr+i) < l{vr+i) + 

dr+l - 1 = l{Vr+l) + (E^il dj - 1) - E;'=1 d, - ^(i).+ l) + i{s^) - EU '^r 

a): Since Vr+i,Vr+i E W^ , we conclude £{vr ■ ■ ■ ui) = |^i| and £{vr ■ ■ -vi) ~ IA2I 
where Ai := {l3 E RJ. \ m(/3) E -R+} and A2 := {P E R^. \ us-y{l3) E ~R+}. Note 
that us.y{/3) = u(/3) for (3 E Rp. Hence, /3 E A2 \ Ai only ii /3 E Rp \ Rp. 
Thus IA2I - l^il < 1^2 \ All < \Rp \ Rp\ = i{ojpujp). Consequently, we have 

£{ir) - e(Vr) - {£{ir ■ ■ ■ il) - £{Vr ■ ■ ■ Vi)) + ^^Zl dj = |^2| - |^l| + Ej = l dj < 

£{ujpujp) + Yl'jZi dj < ~dr. 

b): Since v^+i E W^ and Ap D Ap. we can write Vr+i = fr+2''^r+i ™ which 
v'j.^2 £ ^^ ^^d v'j.^i E Wp C W^ . Similarly, we write w^+i = Wr+2^r+i with 
K+2 G W^ and v'r+i E W?. Note that ^«+i) = l^a] and ^(i<.+i) = \Ai\, where 
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^3 := {ae R^\Rp \ u{a) E -R+} and A4 := {a e R^\Rp \ us^{a) e -R+}. 
Wc claim A3 can be written as a disjoint union Bi U B2 U -B3 such that |i?i| < 
i{sy) - |Si|, B2 C S2 and B3 C A4. Hence, ^K+i) == {Asl = \Bi\ + \B2\ + IS3I < 
i{s.y) — |Si| + IS2I + £{v'^^i). Since 7 g i?p, we have w^_|_2 = i'r+2- Therefore 

^K+i) - ^(s.+i) = ^K.+i) - eiii^,) < ^(57) - I2il + IS2I < ^(s^) - e;=i rf,- 

It remains to show our claim. Clearly, A3 is a disjoint union of Bi's in which the 
corresponding sets are given by Bi := {a £ R~^\Rp | u{a) G —R'^, s-y{a) S — i?"*"}. 



S2 := < a e i?t \ i?p 



s-y{a)eR+, } ,B3-~ {aeRt\Rp 



(a,7^)>0 



p 



u(a) G -i? 
(a,7^)<0 



+ 



Note that Bi C {a e Rp\Rp \ s^(a) G -i?+} = {a G i?t | s^(a) e -i?+} - 
{a G Rp I s-y(a) G — i?+}. Since 7 ^ i?p, for any a G i?p we conclude that 
Sy{a) = a — (a, 7^)7 G — i?+ if and only if (0,7^) > 0. Hence, |i3i| < \{a G 
i?p I Sj{a) G -i?+}|-|{a G Rp \ Sy{a) G -i?+}| = iisj)-\Ei\. It is obvious that 
-82 C S2- Since £{usj) < i{u), we have u{j) G — i?+ by Lemma \2l5\ Consequently, 
if a G -B3 then we have us-y(a) = u{a) + (— (a,7^))u(7) G —R'^, implying a G A4. 
Hence, B3 C A4. D 

4. Proofs of main results 

In this section, we prove all the theorems mentioned in the introduction. Recall 
that the proof of Theorem 11.21 has been given in section 12.31 

When Ap is not of ^-type, we have denoted <r = r — 1. For convenience, we 
denote i; = r if Ap is of A-type. Recall that A^ = {ai, • • • ,a^}, P^ = Pa^ and 
Q^ = @l^i TLoil . (In particular when <r = r, we have P^ ^ P and Q^ = Qp-) 

Lemma 4.1. gr{Wp^ x Q^) = ^J^j^Ze^, where we have treated Wp^ x Q^ as a 
subset ofWx Q^ naturally. Furthermore for any d = ®i=i diGi, we have 

(1) d = gr(wq\) for a unique wq\ £ W x Q^ . In fact, wq\ G Wp^ x Q^. 

(2) Take the unique wqx as in (1). Then wq\ G QH*{G/B) if di > for all i. 

Proof. Define a matrix AI = ("ijj) by using the gradings gr{qiys. That is, 

we define X]j=i ™i,j6j = (1 ^ O^i-i + (1 + *)ei(= gr{qi)) for each 1 < i < >;. 
Note that Af is a lower-triangular matrix. Hence, there exist unique sequences 
a = (ai, • ■ • , a^), b = (foi, ■ • ■ , 6^) of integers such that d = aM + b and < 6^ < 
TOi^i — 1 = i for 1 < i < ^. Furthermore if di > for all i, then we conclude a^ > 
for all i, by noting mi,j < whenever j < i. Since Wp''^^ = {uj^ | < /c < i}, 
each < 6i < i corresponds to a unique element in Wp^^^ say u^ . Hence, we find 

a unique (w. A) := (u^'' ■ ■ • uj, ,X]i=i "^iOfi^) S Wp^ x Q^ such that gr{wq\) = d; 
furthermore, wgA G QH*{G/B) whenever d^ > for all i. 

It remains to show gr{uq^) ©J^i ^e^ whenever (u,//) ^ Wp_ x Q^. Indeed, 
it follows directly from Definition 12.81 that grikj.+i]iQa'-') = x^Sk with Xk > 2, 
whenever a G A^. \ Aj;_i. Take the decomposition u = tv+i • • • Wi of u associated 
to (Ap,T) and note that gr{uq^) = ®[^]^ i?(wi)ei + gr{q^). Thus if gr{uq^) G 
0^^-^ Zei, then we have i[vr+i) = and /i G Q^{= Qr)- When i; = r, it is done. 
When T = ?■ — 1, we proceed to conclude £{vr) = and yu ^ Q^ \ Q^ . Thus u G Wp^ 
and /i G Q}^. D 
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Proof of Lemma \2.12\ We need to show for any g^jU, q^v G QH*{G/B) there exists 
qxw G QH*{G/B) such that gr{qf^u) + gr{q^v) = gr(q\w). Note that gr(q^) + 
9^{lv) = .9^('Z;i+i^) ^iT^d gr{q^) + gr{u) = gr{qf^u). Thus it remains to show gr{u) + 
gr{v) G 5*. It sufSccs to show x = (a;i, ■ • • , a^r+i) G S* for any x G (Z>o)'^^"'^. 

Wc first assume <; = r. Take any simple root in /S.^+i \ A(;(= A \ Ap), saying a. 
From Tablc[3l we conclude gr(qav ) = X]i=i ^i^i with 2 < d^+i < l+£{u}p^^-^iijp__){= 
i{u}ujp) + 1) and di < for i < ^. Since Xt^+i > 0, we can write x^^^i = Ut^+id^j^i + 
b^^i for unique a^-|_i > and < b^-i-i < l^tjp^^j^ijp^). Note that £{ujp^^-^ujp^) = 
max{£(u) | v G Wp^ } so that we can choose v^^i G Wp" satisfying £{v^^i) = 
6^+1. Furthermore, {xi — Oc^+idi,--- ,.t^ — a^+id^) is again a sequence of non- 
negative integers. Thus it is the grading of a unique {w' , X') G Wp^ x Q^ with 
gA' e QH*{G/B) by Lemma O Set w = v^+iw' and A = a^+ia^ + A'. Then 
w^9a G QH*{G/B) is the element as required. 

Now we assume c = r — 1. By Lemma [3.271 there exists a' G A \ Ap such that 
gr{qa'v) = X][=i d'iBi with 2 < (ij,_|_^ < 1 + ^(wwp) and d- < for i < r = <r + 1. 
Repeating the above discussions, we can reduce it to the question of finding a 
element in qxw G Wp^^j x Q^^^ with q\w G QH*{G/B) and the grading of it being 

equal to X]i=i ^'i^j f^^i' given non-negative integers x'^'s. Thus the statement follows 
by using the same arguments again. D 

Remark 4.2. Z>oer+i is a sub-semigroup of S . Indeed, we can take a G A such 
that gr[r+i.r+i]iqa'-') = c^r+iGr+i with 2 < dr+1 £ 1 + ({uJLjp), from the above 
proof. For any c G Z>o, c ~ adr+i + ^ wit/i < b < rfr+i — 1. T/ien we can 
choose V G W^ such that £{v) = b. Note that —grr{qaa^) ~ X]I=i ^i^i with xi's 
being in Z>o. Hence, it is a grading of certain element q\u G QH*{G/ B) where 
(u, A) G Wp X Qp. T/ien qaa'^+\vu G QH*(G/B) and its grading is equal to ce^+i. 

The next lemma proves the first half of Theorem 11.31 

Lemma 4.3. The subspace X defined in Theorem \1.3\ is an ideal of QH*[G / B). 

Proof. We need to show for any g^u G X and q^v G QH*{G/B), the product 
q^u-kq^v = ^^, \N^'^q\+^-f-^w also lies in X. That is, we need to show dr+i > 1 
where gr^r+i^r+^ilx+fi+iyw) ~ dr+iGr+i, whenever N^'[^ ^ 0. Clearly, this is true 
if either // or v lies in Q^ \ Qp, which follows directly from Definition 12.81 When 
fJ-,v € Q'p, we must have u € W \ Wp. Then we shall gr[r+i^r+i]{lx'w) > e,.-|_i 
whenever N^'^ ^ 0, by using induction on £{v). 

If £{v) — 0, then ?j = id and it is done. If £{v) = 1, then v is a simple re- 
flection and therefore we can use quantum Chevalley formula fProposition 12.2"]) . 
When £{us^) = £(u) + 1, we take the decomposition us^ = Vr+i ■ ■ ■ f i associated to 
(Ap, T), and note u is obtained by deleting a reflection in some u,„. Since u ^ Wp, 
we conclude Vr+i ^ 1. In particular, we have (?'"[r-i-i,r+i](W'S7) ^ ©r+i- When 
£{usj) = £{u) -I- 1 — (2p, 7^), then we also conclude gr^rj^ir+i\{q-y^us.y) > e^+i, by 
noting grir+i,r+i]{Q7''^^7) ^ 9rir+i,r+i]{us^) = grir+i,r+i]{u) > e^+i if 7 G Qp, 
and gr[r+i,r+i]{q'y^usj) > gr[r+i,r+i]iq-f'') > Se^+i i f 7 ^ Qp. Thus if £(w) := 1, 
then a"" -kX C X. Now we assume -^(i;) > 1. By Lcmma r2.13l there exist v' £ W and 
^ l£ j l£ n such that gr[v) = gr{v') + gr(sj) and cr" * cr^'j = ca" + ^^ _^ c^.xqxw, 
where c > and the summation is only over finitely many non-zero terms for which 
Cw,\ > 0. In particular, we have £{v') = £{v) — 1. Using the induction hypothesis, 
we have a^ -kX C X. Thus {ca" + ^^ ^ Cw,\q\w) -kX — a'^^ -k [a^ -kX) C X. Since all 



32 NAICHUNG CONAN LEUNG AND CHANGZHENG LI 

the structure constants are non-negative, there is no cancehation in the summation 
on the left hand side of the equahty. Hence, we conclude ct"" •X C X. D 

It remains to show the second half of Theorem 11.31 There are combinatorial 
characterizations of QH*{G/B) (see e.g. [22]), or more generally on its torus- 
equivariant extension [5B|. In particular, intuitively, QH*[G/B) should also have a 
non-equivariant version of Mihalcea's criterion [5B] for torus-equivariant quantum 
cohomology of G/B. That is, an algebra (®^,gvK^[^]''''"' *) should be isomorphic 
to QH*{G/B) as algebras, if it satisfies quantum Chevalley formula together with 
some natural properties (e.g. commutativity and associativity). However, we did 
not find any explicit reference for this. In our case, we obtain a natural algebra of 
this form which has one more (strong) property saying that (©^g^y QM^''"'' *)lq=o 
is canonically isomorphic to H*{G/B). Thus it becomes easy to show the algebra 
isomorphism (by using induction). We would like to thank A.-L. Marc and L. C. 
Mihalcea for their comments for such a criterion and the proof. 

Proof of Theorem ] l.S[ Due to Lemma BT51 it remains to show QH*{P/B) is canon- 
ically isomorphic to QH*{G/B)/I. Note that P/B is isomorphic to the complete 
flag variety determined by the pair (Ap,0). Hence, QH*{P/B) has a natural basis 
of Schubert classes {a^ \ w S Wp} over Q[gi, • • • , gr], and the formula of a'^ */ ct"' 
(where u G Wp and ai S Ap) is directly obtained from Proposition 12.21 by re- 
striction of 7 £ A to 7 G Ap in the summation. Here we denote the quantum 
product of QH*(P/B) by -kf, in order to distinguish it with the quantum product 
• of QH*{G/B). On the other hand, QH*{G/B)/X has a natural algebra structure 
induced from QH*{G/B). Thus it is also commutative and associative, and we 
denote the product of it by the same * by abuse of notations. 

It is clear that for any wq\ ^ W x Q^ , gr^j-^ir+^iivq^) = 0, i.e. wq\ ^ I, if 
and only if wqx G Wp x Q^. We define a map ip : QH*{G/B) — > QH*{P/B), 
given by ip{q\) = q\ if wqx ^ I, or if wqx G I. Clearly, (p induces a natu- 
ral isomorphism (p of vector spaces, p : QH*[G/B)/X — > QH*{P/B), given by 
(p{wq\) := ip{wq\). In particular, it is easy to check (p{a^i -k a"^) = cr** •/ a"^ 
for any (Xi,aj G Ap. It is a well-known fact that QH*{P/ B) is generated by 
{a-'''' I a G Ap} over Q[gi, • • • ,qr\. Thus it is sufficient to show QH*{G/B)/T is 
generated by {0-^° | a G Ap}. Since our filtration on QH*{G/B) generalizes the 
classical filtration on H*{G/B) (by PropositionHH]) naturally, QH*{G/B)/l\_^^ 
is canonically isomorphic to H*{P/B) as algebras. In particular, it is generated 
by {o^, • • • , CT^} with respect to the induced cup product. Hence, the statement 
follows by using quantum Chevalley formula and induction (for instance one can 
follow the proof of Lemma 2.1 of [30] exactly). D 

Remark 4.4. For the classical case, the induced map i* : H*{G/B) — > H*{P/B) 
is given by i*{a"') ~ a"' if w £ Wp, or otherwise. And the ideal I is given by 
I = Q{a'" \ w = vu with u G Wp,v G W^,v ^ 1}. Note that for any w £ W, 
w ^ I if and only if gr[r+i^r+i]{'^'") — 0. Clearly, I is a q- deformation of I and p> 
is a natural generalization of i* . 

Lemma 4.5. Let w ~ w^+i ■ • • wi be the decomposition of w £ W associated to 
(Ap, T). For any 1 < m < <^, the followings hold. 

(1) If i{vm) < m, then there exists 7 G R^ such that (xm,7^) = I7 i{ws^) — 
i(w) + 1 and gr{wsj) = gr{w) + e„i. 
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(2) If i{vm) ~ iTi, then there exists 7 £ R^ such that (xmj7^) = 1; i{wsj) = 
£{w) + 1 — (2/9,7^) and gr^q^-jws-f) = gr(w) + em- 

Proof. Note that Dyn{{ai^- ■ ■ ,a^}) is of A-type. We have v^ = ui with i^. == 
£(ufe) whenever 1 < A: < i;. 

(1) If im < TO, we set 7 := (wm-i • • ■ wi)"^")™-;™ +am-i„+iH ham)- Then 7 

is of the form am + Yl^=i ^j^^j ^ ^- Thus 7 G i?^ and {xm,l'^) ~ 1- Furthermore, 

we conclude ws^ = w^+i • ■ • Um+i'"i +it^m-i • • • wi- Thus (1) follows. 

(2) Denote fc = 1 + max{j | ij = 0,0 < j < m — 1}, where io := 0, and set 
7 = afe + Qffc+i + ■ ■ ■ + dm e i?+. Clearly, (xm,7^) = 1- For each j < to, we 
denote 7^ = a^ + ctj+i + • • ■ + am- Then 7^ = jj+i + ctj = .Sj(7j+i). Thus for any 

ij > 1 we have u[^'>s^^ = u^^^SjS^^^.Sj = ul^ll^s^.+iSj = S7.+i"|.-l^«j = «7.+i"?- 
Furthermore, we have S1S2 ■ ■ ■ Sjuf — uf _iSiS2 ■ ■ ■ Sj-i by Lcinma l3.3l Note that 
7 = lk,lm = otm and denote w = «„••• Wi. Hence, 

(m) (fe) (fc-2) (1) (m) (fe+1) (fe) (fe-2) (1) 

(m) (m-1) (fc) (fe-2) (1) 

= U: S-y U- ■ ■ ■ U) U- ■ ■ ■ U- 

(m-1) (fe) (fe-2) (1) 

(m-1) ^(k) , ^^ N^.C^-Z) ^(1) 



lisi ■ ■ ■ Sk-i)ul 



u] ', • • -u: ' T Si • ■ -st-i u;. '■■■u. 



i 2fc — iV -L ft, ±/ ^fc-2 ^1 



Note that i^^ = ?7i and i^ ~ ^{'^j) for j < ^. Thus 

■^r+l ^ ^^ — ^m— 1 

-^p^rn+1 ^ ^ — ^ 3 — k ^ — ^J — 1 



,=m+l ^(^^) + ( E, = ,. (*^- - 1)) + fc - 1 + > *.■ 









= l{w) + 1 - 2(p, (afe + • • • + am)'') = ^(u^) + 1 - (2p, 7'')- 

Furthermore, we conclude gr{q.y\/wsy) = gr[w) + em, by noting that im = "t-, 
ifc_i = and gr{qjv) = (1 - k)ek-i + (to + l)em + J2T=k ^r ^ 

Since QH*{G/B) has an S'-filtration J^. we obtain an associated S'-graded al- 
gebra Gr^{QH*{G/B)) = ^^^s^r^^ where Grf := Fa/ Ub<a i^b- For each 
j < r + 1, we denote Grf\^(QH*{G/B)) := 0i>o Gr,^^ . Note that for the iter- 
ated fibration {Pj^i/Pq — > Pj/Po — > Pj/Pj-iVj=2 associated to (Ap, T), we have 
Pr+i/Pr = G/P and Pj/Pj^i = P^ whenever j < <;. Take the canonical isomor- 
phism QH*{¥'') = . k+i' ^\ for each k < <,. Then we can state Theorem II .41 more 

concretely as follows (in which we denote Uq :~ 1). 

Theorem 11.41 There exist canonical isomorphisms ^^ 's of algebras as follows. 



For k<^, *fe : QH*{F'') -^ Grf,^^{QH*{G/B)); Xk ^ u[''\ tu ^ QkU^tiK 
vI/,+1 : QH*{P,+i/P,) -^ Grf^^^^{QH*{G/B))- q^,y ^ J^^^^JMI^^. 

In particular if Ap is of A- type (i.e. if <j = r), then wc have P^+i/P^ = G/P, 
A,.+i = A and A^ = Ap. Thus in this case. Theorem 11.41 gives an isomorphism 
QH*{G/P) ^ Gr[^^,^{QH*{G/B)). 
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Proof of Theorem \1.4\ By Lemma |4.H for any a G ©i=i ^e^ there exists a unique 
q\u e QH*{G/B) such that gr{q\u) = a. Thus diraqGr^ = 1 and Gr^ = Qq\u. 
Then we simply denote A^ '■= q\u. In particular, we conclude Aa *^e — CjA^+e 
whenever j < <;. Furthermore, we have Cj = 1 by Lemma 14.51 When i{v) > 1, 
there exists v' £ Wp^ satisfying gr(v') + gr{sp) = gr{v) with p < <; by using Lemma 
14.51 again. Thus by induction on (.(v), we conclude Aa + Ag^j-^) = Aa+gr(u) for any 
V G Wp^ . Hence, Ag^ -k A^, = A^+h for any a, b G ®J^i ^e^. As a consequence, we 
obtain a canonical isomorphism QH*{F'^) = Gr-^f,JQH*{G/B)) for each 1 < k < (;, 

U , (fc) J , , (fe-1) 

given by Xk >-^ u\ and tk >-^ qku'f._^ ' . 

To analyze *<;+i, we need to compare the algebra structure of QH*{P^j^i/P^) 
with the filtered-algebra structure of QH*{G/B). Note that if <^ = r — 1 then 
P^+i/B = P/B. Due to Theorem fOl essentially we need to compare Qi^*(P<;+i/P5) 
with QH*{P/B) by using Peterson- Woodward comparison formula in this case. 
Thus without loss of generality, we can assume <j = r in the rest, which is of main 
interest to us and can bring convenience on the notations. 

Denote the quantum product of QH*{G/P) by •p. Write V'A,Ap('ZApO'") = 
gAflO-'"^^'^', where qx^a'' € QH*{G/P). Then we have grriqx^a'"^^'^') = by 
Proposition 13.241 On the other hand, if grriqxa'"'") = with Ap = A + Qp and 
u G Wp, then we conclude gr{qxg-xujpuj') = gr{u) where As — A G Qp. By the 
uniqueness (from Lemma l4.ip . wc conclude Xb ~ A and ujpLu' ~ u. Hence, ^,.+i is 
an isomorphism of vector spaces. 

By Proposition [2Tl we have *r+i(o-" *p a'") = *r+i(cr") * *r+i(o-'') for m, u G 
W^ . To show ^^.j+i is an algebra isomorphism, it remains to show (i) 'i'r+i{qxp *p 

q^ip) = *r+l(gAp)**r+l(gM^) and (ii) *r+l(gAp •per") = *r+l(gAp)**r+l(cr'')- 

For (i) wc write Ap = A' + Qp and /ip = /i' + Q"^ where A',/i' arc elements in 
®QeA\Ap^"^- Note that 5^[r+i,r+i](gA') - gr[r.+i^r+i]{q\B'^P^') = 0. Hence, 
qxsUjpUj' = qx'X with x being the unique element in Wp x Q^ determined by the 
grading -grr{\') =: a. Similarly, we i/'A.AplgMp) = 9^'?/ ^.nd V'A,Ap(gAp+Mp) = 
qx'+^i'zw\\eregr{y) = -grriq^,') =: band5r(z) = -grr{qx'+fi')- Hence, '^r+i{q\p)* 
'^r+i{qtip) = gA^*g;vy_= gv+^7^a*^b = gA'+/x' * ^a+b = *r--i-i(gAp+Mp)- For 
(ii), we first conclude a^j -ka" = a^^j where 1 < j < r and w G W^ , by Proposition 
13.231 Thus by induction on i{u) where u G Wp, we conclude a'^ -k a"" ^ a'"". As a 
consequence, (ii) follows. Hence, ^r+i is an algebra isomorphism. D 

As a consequence, we obtain the following. 

Theorem [TTSl DenoteT := {gr{qxw) \ gr{qxw) < 0,qxw G QH*{G/B)}. Let A = 
®3r(9,<T-)eZe.+iur'39Acr"' and J = ®gr(g^„u,)^r'Q<l^'^'"- Then A is a suhalgebra 
of QH*{G/B) and J is an ideal of A. Furthermore if Ap is of A-type, then there 
is a canonical algebra isomorphism: 

QH*{G/P)^A/J; 

qxpcr" t-^ V'A,Ap(gApa'") + J. 



Proof Note that for any qxcr"" G QH*{G/B), griqxcr"") G Ze,,.+i if and only if 
gr{qx<J^) S Z>oer+i. Clearly, Z>oer+i U F is a sub-semigroup of S. Hence, 
^ is a subalgebra of QH*{G/B), due to Theorem 11.21 From Definition 12.81 we 
note gr[r+i^r+i]{Q\w) > whenever qxw G QH*{G/B). Thus for such element. 
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gr{q\w) < if and only if grr{q\w) < 0. In particular, we conclude J is an ideal 
of A, by use Theorem 11.21 again. As a consequence, we obtain a natural isomor- 
phism A/I -^^ Gr7/^,^-,{QH*{G/B)). Hence, the statement follows from Theorem 
Ol D 



Remark 4.6. In fact, A = lJi>o ^i^r+i ■ V^e use the Z^^^ -filtration on QH*{G/B) 
that is naturally extended from the S -filtration, then we have J = F_e^^-^ . Fur- 
thermore it is obvious that A, J are q- deformations of A ^ t:*{H*{G/P)) and 
J = respectively. Note that TT*{a'") = a"" for any v £ W^ . ipA,Ap is a natural 
generalization of tt* . 

Recall that in Definition 12. 8[ we have given the gradings for all q\w^s. Clearly, 
S is contained in 1/ x Z>o as a sub-semigroup. Combining Lemma 14.11 and 
(part of) the proof of Lemma I2.12[ we conclude that 5* is naturally extended 
to the whole Z*" x Z>o with negative powers of {qi,--- ,qr} allowed. That is, 
Z'' X Z>o = {griqxcr"") \ q\cr'" e QH*{G/B)[q^^ , ■ ■ ■ ,q-^]}. Therefore we obtain 
a natural Z'' x Z>o-filtration on QH*{G/B)[q^^ , • • • , q^^], making it a Z'' x Z>o- 
filtered algebra, due to Theorem 11.21 By abuse of notations, we also denote this 
filtration as J-. Consequently, we obtain a natural embedding of graded algebras 
Gr^{QH*{G/B)) ^ Gr^{QH*{G/B)[q-\- ■ ■ ,q;'i]). For simplicity, we assume 

Ap is of yl-typc. Then for each I < k < r, we note ^fc(ifc) = Ili^i ll- ^Y defining 

t^^ t-^ \l/fe(i^^^) * 11^=1 9t^*i ^^ ^^^ extend the algebra isomorphism ^^ to a larger 
algebra isomorphism 

QH*iF'')[t^']^^Grf,^iQH*iG/B)[q^\--.,q-']), 

which we also simply denote as ^fe. Thus the next theorem follows as a direct 
consequence of Theorem 11.21 and Theorem 11.41 

Theorem [mi QiJ*(G/B)[gf \ • • • ,q-^] has all y. Z>o-filtration T. If Ap is of 
A-type, then combining ^^ 's gives an isomorphism of U x It^Q-graded algebras, 

r 

*: {<^QH*{V'^)[tl^])^QH*{G/P)^Gr^{QH*{G/B)[q^\--- ,q;^]). 

k=l 

That IS, * = *!•• • •**,+! : (^LiAj^^ApCT" ^^ (nLi *fe(/fc))**r+i(gApff"). 
(Note we have an isomorphism H*{F^)^- ■ ■^H*{¥'')(^H*{G/P) ^ Gr^{H*{G/B)) 
of graded algebras, coming from the Leray spectral sequence.) 

5. Conclusions 

All the theorems in the induction can be easily generalized to all cases by drop- 
ping our assumption that Ap is connected. We give a brief description as follows. 

Write Ap = UfcLi ^(fe) such that Dyn{A.(j^)) is a connected component of 
Dyn{Ap) for each k. Then the Weyl subgroup Wp also splits into direct prod- 
uct of Wk's which arc the corresponding Weyl subgroups of A(j,)'s. That is, 
Wp = W\ X • • • X Wra- Among these A(j,-)'s, there is at most one which is not 
of A-type. If such a subbase exists, then we just assume it to be the last one, 
saying A(„j). For each k. wc denote r^ = |A(fc)|. Set M = X!fcLi ^fc ^-nd then take 
the standard basis {ei^i, ■ • • ,ei^ri, • ■ ■ ,^m,ii ■ ■ ■ ,e,„_r„, 6^+1,1} of Z^^+^. 
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For each k, we fix the canonical order (A(fc),Tfc) as described in section [2^ 
Then we obtain a grading map grAi^) ■ ^ ^ Q^ — > ^l^i Zefc,;, using Definition 
12.81 with respect to (A/j.-jjTj.). In particular for any x € Wk or x = q^v with 
a e A(;;), we have gr^^^^^ [x) G 0^^^ '^Gk,i '-^ 2*^^+^ which we treat as an element 
of Z^^+i naturally. 

Definition 5.1. We define a grading map gr : W x Q^ — > ll"^^^ associated to 
(Ap, T) as follows, where T ~ JlfeLi """fc- 

(1) Write w = Vm+iVm • • • f i (uniquely), in which {vi, ■ ■ ■ ,Vm, Vm+i) G Wi x 
•••X Wm X W^. Then gr{w) = ^(wm+i)em+i,i + 1]™=! ff'"A(fc)(^'fe)- 

(2) For each a.k,i G ^{k), gf{<la'^ .) = gi^A^f.) {la'^, )• -^^r a G A \ Ap, we write 

m rfc 

^A,Aj=(gQV+Qv) = ujpuj'qav n n 'J'av' ond then define 

k=li=l *=■' 
m rfc m rfc 

gr^qa-^) = (^(wpw') + 2 + ^^2afc,,)e™+i,i - gr{ujpuj') - ^ ^ afc,,gr(g„v . ). 

fe=l i=l fc=l i=l 

(3) /n general, x^w Hag a ^^v , then gr{x) ^ gr(u;) + X^aeA bagr{qav). 



As in section [2731 wc can define a subset, consisting of the gradings of q\w^s in 
QH*{G/B). This subset also turns out to be a (totally-ordered) sub-semigroup 
of Z'^^^^ and we also simply denote it as 5 by abuse of notations. In addition, 
we obtain a family of subspaces of QH*{G/B) in the same way, which we also 
simply denote as 7^ = {-^a}aes by abuse of notations. Then all the theorems in 
the introduction can be easily generalized. For instance, we state part of them in 
summary as follows. 

Theorem 5.2. 

(1) QH*{G/B) has an S -filtered algebra structure with filtration J-, which nat- 
urally extends to a X^^'^^ -filtered algebra structure on QH*(G / B). 

(2) There is a canonical algebra isomorphism 

QH*{G/B)/I -^ QH*{P/B) 

for an ideal I (which is explicitly defined) of QH*{G/B). 

(3) Assume P/B is isomorphic to product of FEi^r^ '•* (i-^- ^{k)'s ^,1"^ of A-type). 

(a) There exists a subalgehra A of QH*{G/B) together with an ideal J of 
A, such thatQH*{G/P) is canonically isomorphic to Aj J as algebras. 

(b) As graded algebras, (after localization) Gr-^{QH*{G/B)) is isomorphic 
to {^lU^:UQH*{r''))^QH*iG/P) . 

We would like to point out again that our assumption " all A(fc)'s are of A-type" is 
already general enough. This situation has covered all G/P's for G being of A-type 
or G'2-type, and more than half of G/P's for each remaining type. Unfortunately, 
Theorem 15.21 (3.b) is not true in a more general case when ^im) is not of A-type. 
In fact in this case, QH*{G/P) is only canonically isomorphic to a proper subspace 
of Gr^j^j^^^{QH* {G / B)) = 0i>o^ieju+i/ Ub<ieA, Pb as vector spaces. However, 
we could still expect 



Conjecture 5.3. There exists a canonical algebra isomorphism between QH*{G/P) 



and a subalgebra of Gr^j^j_^^JQH*{G/B)). 
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As a direct consequence of Conjecture 15.31 we can conclude Theorem 15.21 (3. a) 
always holds for any G/ P. Part of the points of the proof for this is to show (i) 
and (ii) in the proof of Theorem 11.41 That is, we need to show the behavior of 
^A.Aj=(gAj=)'s do be like polynomials. Indeed, when A is of C-type, (i) and (ii) 
become trivial. (Precisely, we use the notations in case CI) in Table [2] and assume 
Ap to be of C-typc. Then for any \p = Y.° bjl3j + Q^ e Q'^/Qp, we conclude 



i/'A,Ap(9Ap) = qxg -l with Xb = I]°=i bjl3j+bo J2p=o+i Pp ^Y direct calculations.) 
In this case, we could still prove Coniccture l5.3l togethcr with some other arguments. 
On the other hand, it is shown in [TH] that after taking torus-equivariant extension 
and localization, Theorem l5.2l (3.a) is true in terms of the localization of equivariant 
homology of a based loop group. Hence, we believe that Theorem 15.21 (3. a) also 
holds without taking equivariant extension and localization. Both of these provide 
evidence for our conjecture. 

In addition, we would like to ask the following. 

Question 5.4. What is the difference between QH*{G/P) and Gr'Tjyj.-^JQH* {G / B)) 

The ring structure of Gr-Kj,-^JQH*{G/B)), or equivalently A/J^ which is de- 
fined in the same form as in Theorem II. 5[ seems close to the ring structure of 
QH*{G/ B). Especially, there might be one way to obtain a nice presentation of 
Grf„,j^-i^){QH*{G/B)) from the presentation of QH*{G/B) [H]. Suppose there 
were such a way and we knew the answer to Question 15. 4[ then we would have a 
better understanding on QH*{G/P). 

6. Appendix 

In this section, we show the Key Lemma also holds for all the roots that satisfy 
condition (ii) in the proof (of the Key Lemma in section 13. 5p whenever A is of 
i^4-typc or _E-type. Since all the arguments are similar, we just list all such roots 
as well as the corresponding methods for them. One can see [H] for more details. 

When A is of F4-type, case C9) or CIO) will occur. For instance for C9), 7^ 
must be either of the form X]i<t<fe /^t^ O'^ equal to one of the following five coroots: 

px + m + /53^ /?r + wi + /t + /3r , /3r + wi + m + /^r , ^\ + m + m + 



PX,2PX + Z^i + 2/33^ + PX, by noting £(s. 
Table for case C9) 



(2p, 7^) — 1. Then we have 
Table for case CIO) 



Coroots 


r = 2 r = 3 


Coroots 


r = 2 


r = 3 


^\+f^l 


done (7 G Rp) 


P^ + PX 


(M3) 


(M2) 


P^s+Pl 


(M3) 


P',+PX + PX 


(Ml) 


done 


pr+P^+p:^ 


(M3) done 


PX+P'2+P'Z+PX 


(Ml) 


done 


I3^+I3^+PX 


(Ml) 


PX^2px + PX 


(M3) 


(M2) 


P^ + 13^2 + (3^ + I3X 


(Ml) done 


PX + px + 2PX + PX 


(M2) 


done 


/3i^ + 2/?2^ + 2(3^ + PX 


(M2) 


PX + '^PX + 3/3^ + PX 


(M2) 


2PX + iPX + 2/33^ + I3X 


(Ml) done 


p\ + 2pX + 3PX + 2PX 


(Ml) 



Wc would like to make some comments for the tables in this section. 

(1) By "done", we mean that there exists aj S {ai,--- ,ar-i} such that 

(aj, 7^) > 0. Thus it is done by the arguments for condition (i) in the 

proof of the Key Lemma. By "done {'jGRp)" , we mean ■^gRp and thus it 

is done by the arguments at the beginning of the proof of the Key Lemma. 
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(2) By "(Ml)" (resp. "(M3)"), we mean the corresponding method, especially 
the use of part a) (resp. b)) of Lemma 13.291 

(3) By "(M2)", we mean the induction hypothesis is used. In fact, whenever 
referring to (M2) in the tables, wc can use the same arguments as follows. 



For instance, we consider the case when CIO) occurs, 7^ = /^j 



and r 

/9; 



32^ 



13^ 



3. In this case, we can take Uj — /33(= as). Then 






/?4 and consequently (Ai, A2, A3, A4) = griqpv) = (—1, 1, —2, 8). 



Furthermore, we have (01,02,03,04) = (0,02,03,0) and (&i, 62, 63, 64) = 
(0,62,63,0) with 02 + 03 = 1 and 62 + 63 = —1 by noting (ai^a^j) = 0. If 
/ii < 0, then it is done. If /ii = 0, then by the induction hypothesis we have 
yU2 < 0. We claim /.J2 = 0. Thus /.(3 < and 02 + 62 = 02 + M2 + ^2 < (by 
considering gr). Since 02 + 03 + 62 + 63 = 0, if 02 + 62 < then it is done; 
otherwise, we have 03 + 63 = —(02 + 62) = so that 03 + 63 + /j,3 = /j,3 < 0. 
Thus it is done. It remains to show our claim. Indeed, we note that 
H2 + i'2 = ^2 + X2 — ^2 + 1- Since (.{uSjSp) < (.{usj), uSj{P) G — i?+. 
Then if (a,/3^) < 0, usj{a) G — i?+ implies usjSi3{a) G — i?+. Hence 



= tt{a G i?+ \ Rp, 



,{a) G -R+] = ^{a G i?+ \ Rp, \ uSj{a) G 



-i?+,(a,/3^) <0} + tl{a Gi?J^\i?Pi \usj{a) G -i?+, (a, /3^) > 0} < t]{a G 
RWRp, I usjspia) G ~R+} + ^{a G R^XRp^ I ("'Z^'') > 0} = ^2 + ^2]- 
Thus /Z2 = ^2 + 1 — ^2 — ^'^d consequently we have /i2 = 0. 
Now we assume A is of S-type. Denote S := {Pi \ (ft, 7^) > 0}. Recall that we 
should replace k = o -\- r with k = o + <;(= o + r — 1) in Table [5] when Ap is not 
of ^-type. Note that any 7 G i?"*" is of length (2p, 7^) — 1. It sufhces to assume 
n = 8. It remains to discuss at most the roots in the tables as below. 
Table for case C4) with r = 6 or r = 7 



Roots with S C {/3i,/32,/38} 


r = 6 


r = 7 


A+ft 


done 


done 


/32 + /33 + ft + /35 + ft 


(M3) 


done 


/3i + /32 + ft + ft + ft + ft 


done 


(M3) 


/3i + 2/^2 + 2ft + 2ft + 2ft + ft + /38 


(Ml) 


done 


ft + 2ft + 3ft + 2ft + ft + 2ft 


done ( 


l^Rp) 


/32 + /53 + 2ft + 3/35 + 2ft + ft + 2ft 


(M3) 


done 


/3i + ft + ft + 2ft + 3/35 + 2ft + /37 + 2ft 


done 


(M3) 


/3i + 2ft + 2ft + 2ft + 3ft + 2/36 + /^t + 2ft 


(M2) 


done 


/3i + 2ft + 3ft + 4ft + 5ft + 3/^6 + /?7 + 3ft 


(M2) 


(M3) 


/3i + 3ft + 4/33 + 5ft + 6/35 + 4/36 + 2ft + 3/38 


(Ml) 


done 


2/3i + 3ft + 4ft + 5ft + 6ft + 4ft + 2ft + 3ft 


done 


(Ml) 



Table for case C5) with r = 5 



Roots with ^ C {ft,ft} 


Method 


k + ft 


(M3) 


/32 + 2ft + ft + 2/3,5 + ft 


(M3) 


/32 + 2ft + ft + 2ft + 2ft + ft 


(Ml) 


/3i + 2ft + 3ft + ft + 3ft + 2ft + ft 


(M3) 


/3i + 2ft + 3/33 + ft + 3ft + 3/36 + 2/37 + ft 


(Ml) 


/3i + 2ft + 4ft + 2ft + 4/35 + 3ft + 2/37 + ft 


(M2) 
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2/3i + 4/?2 + 6/33 + 3/34 + 5/35 + 3/36 + 2/37 + h 


(M2) 


2/3i + 4/32 + 6/33 + 3/34 + 5/35 + 4/36 + 2/37 + /Ss 


(Ml) 





Table for case C7) with < o < 3 






I |^n{/3i,/32,/33}|<l 


Constraint 


Method 


1) 


/33 + /34 + /35 + /37 


= 3 


(M3) 


2) 


/32 + /33 + /34 + /35 + /37 


= 2 


3) 


/3l + /32 + /33 + /34 + /35 + /37 


0= 1 


4) 


/32 + 2/33 + 2/34 + 2/35 + /?6 + Z?? 


= 3 


(Ml) 


5) 


/3i + 2/32 + 2/33 + 2/34 + 2/35 + /Se + /^t 


= 2 


6) 


/37 + /38 


> 


(M2,2,3,3) 


7) 


/?3 + /34 + /35 + /37 + /38 


= 3 


(Ml) 


8) 


/32 + /33 + /34 + /35 + /37 + /38 


= 2 


9) 


/3l + /32 + /33 + /34 + /35 + /37 + /38 


0= 1 


10) 


/32 + 2/33 + 2/34 + 2/35 + /36 + /37 + /38 


= 3 


11) 


/3i + 2/32 + 2/33 + 2/34 + 2/35 + /36 + ^7 + /38 


= 2 


12) 


/34 + 2/35 + /36 + 2/37 + /38 


> 


(M2,2,3,3) 


13) 


/33 + /34 + 2/35 + /36 + 2/37 + /38 


= 3 


(M3) 


14) 


/32 + /33 + /34 + 2/35 + /36 + 2/37 + /38 


= 2 


(M2) 


15) 


/3i + /32 + /33 + /34 + 2/35 + ^6 + 2/37 + /38 


0= 1 


16) 


/32 + 2/33 + 2^4 + 2/35 + ^6 + 2^7 + /38 


= 3 


17) 


/3i + 2/32 + 2/33 + 2/34 + 2/35 + /^e + 2/37 + Pb 


= 2 


18) 


/3i + 2/32 + 3/33 + 3/34 + 3/35 + /36 + 2/37 + /38 


= 3 


(Ml) 


19) 


/32 + 2/33 + 3/34 + 4/35 + 2/36 + 3/37 + /38 


o> 


(M2) 


20) 


/3i + /32 + 2/33 + 3/34 + 4/35 + 2/36 + 3/37 + /38 


0= 1 


21) 


/3i + 2/32 + 2/33 + 3/34 + 4/35 + 2/36 + Wi + /^8 


= 2 


22) 


/3i + 2/32 + 3/33 + 3/34 + 4;35 + 2/36 + 3/37 + /38 


= 3 


23) 


/32 + 2/33 + 3/34 + 4/35 + 2/36 + 3/37 + 2/38 


> 


(Ml) 


24) 


/3i + /32 + 2/33 + 3/34 + 4/35 + 2/36 + 3/37 + 2/38 


0= 1 


25) 


/3i + 2/32 + 2/33 + 3/34 + 4/35 + 2/36 + 3/37 + 2/38 


= 2 


26) 


;3i + 2/32 + 3/33 + 3/34 + 4/35 + 2/36 + m + 2/38 


= 3 


27) 


/3i + 2/32 + 3/33 + 4^4 + 5/35 + 2/36 + 4/37 + 2/38 


o> 


(M3,2,2,2) 


28) 


/3i + 2/32 + 4/33 + 5^4 + 6/35 + 3/36 + 4/37 + 2/38 


= 3 


(Ml) 


29) 


/3i + 3/32 + 4/33 + 5/34 + 6/35 + 3/36 + 4/37 + 2/38 


= 2 


30) 


2/3i + 3/J2 + 4/33 + 5/34 + 6/35 + 3/36 + 4/37 + 2/38 


0= 1 



In the above table, by "(M2,2,3,3)" for the root jSj + /38, 
(M2), (M3) and (M3)) is used when o = (resp. 1, 2 and 3). 
used for the case no. 12) and no. 27). 



we mean (M2) (resp. 
Similar notations are 
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